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CONTINUATION OF DIFFERENTIABLE FUNCTIONS 
THROUGH THE PLANE 


By H. O. HIRSCHFELD (Cambridge) 


[Received 18 July 1935] 


Introduction 

CoNSIDER an open region in the (x, y)-plane and a function f(x, y) 
having continuous derivatives up to the mth order inside the region. 
Suppose that the function f(x, y) itself and all these derivatives have 
continuous limits on the boundary. The function will then be 
called ‘C™ in the open region plus boundary’. 

The problem is to construct, if possible, a function F(x, y), which 
equals f(x, y) in the original region and which has continuous mth 
derivatives in some region, to which the original one is interior. The 
possibility of constructing such a function is ensured by an interesting 
and more general theorem due to H. Whitney, provided the region 
fulfils a generalized convexity condition.t| However, the extension 
of f(x, y) given there would involve an infinite square subdivision of 
the complementary plane, even for a continuation through a single 
analytic boundary arc of the region. 

Therefore, before starting on the main subject of this paper, we 
state two simpler methods of continuation. These will give us an 
extension F(a, y) connected with the original function f(x, y) by 
a finite formula. Thus it will now be possible to decide whether 
a subsidiary property of f(x, y) is still true for F(x, y) in the larger 
region.t We confine ourselves to C?-continuation, though the 
method could be generalized so as to cover C™-continuation; the 
restriction to the plane, however, is essential. Furthermore, we are 
concerned only with three special cases of Whitney’s theorem: 
namely the continuation through a twice-differentiable arc and 


+ H. Whitney (a) Trans. American Math. Soc. 36 (1934), 63-89, (b) Ann. 
of Math. (2) 35 (1934), 482-5. The generalized convexity condition, called 
property P by H. Whitney, is the following: any pair of points P,, P, in the 
region can be connected by a rectifiable curve lying in the region such that the 
ratio of the length of this curve to the distance P, P, is uniformly bounded for 
all pairs. 

t e.g. the moduli of F(a, y) and its derivatives depend in a simple way on 
those of f(2, y) and the (twice-differentiable) arc of the region. Questions on 
the total variation, etc., of the highest derivatives are easily settled. 
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2 H. O. HIRSCHFELD 


(as a generalization) through an arc fulfilling a Lipschitz con- 
dition. 

Finally, we shall continue into the interior of the unit circle. 
For a wide class of regions these cases will be sufficient to extend 
C?-functions through their boundaries by applying our simple 
methods successively to their boundary arcs. 

The main part of this paper, however, is concerned with show- 
ing that mere continuity of the boundary arc is not sufficient for 
C?-continuation through it. We shall see this from an interesting 
example: we shall construct a region H bounded by a continuous 
Jordan curve (which has even a continuous polar-representation 
R = e(¢)) and a function f(x, y) continuous in the closed region £, 
analytic in any interior sub-region and having continuous derivatives 
of any order in the closed region H.f But even C!-continuation of 
this function f(z, y) will be impossible beyond any sub-are of the 
boundary of #. In other words: if we consider any region H*, con- 
taining the above H, such that the points of a certain arc R = e(¢) 
(4 < ¢ < ¢,) are interior points of H*, then in £* there is no con- 
tinuous function F(x, y) which equals the above f(x, y) in # and 
has continuous first derivatives in £*.{ 


1. Continuation beyond a twice-differentiable arc. (‘Reflec- 
tion at an arc’) 


Consider in the (x, y)-plane the region R:0 <4 <1,0<y < q(x), 


where q(x) is strictly positive and has a continuous second derivative 


in (0, 1). Let f(x, y) have continuous second derivatives in R: the 
continuity of f and its first derivatives is a consequence of this. Then 
there exists a function F(#, y) having continuous second deriva- 
tives in the region S: 0 <%& < 1,0 <y < 2q(x) and equal to f(x, y) 
in R: and thus F and its first derivatives will be continuous in 
S too. 


Proof. Let ¢(x) be any function which has a continuous first 


+ A function will be said to have continuous derivatives of mth order in 
a closed region, if all mth derivatives are continuous in the interior of the 
region, and if the function itself and all its derivatives up to the mth order 
tend to continuous limits on the boundary of the region. 

t In view of this example it seems to be somewhat artificial to define 
‘a function C™ in an open region plus boundary’ by the possibility of its C™ 
continuation through the boundary as was done by H. Whitney, loc. cit. (b), 
482. 
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derivative for all x and equals f,{x,q(x)} for 0 << 2 <1. Then 
f(x,y) (in R) 


xr+q(x)—y x—q(x)+y 
Px.y) = 5 f(x, 2q(x)—y\—_ | Hp)dp+ [Hp dp 
én 8— By, 


is a function having the desired properties. 


2. Continuation beyond an arc fulfilling a Lipschitz con- 
dition 
If in § 1 we assume only that q(x) is strictly positivet and fulfils a 
Lipschitz condition, i.e. if we assume that there is a constant M such 
that 


la(21)—9(%2)| < M|a,—2,| 


for any 2,, %, in the closed interval (0,1), then the assertion of § 1 is 
true also, even if S is any region containing R such that all boundary 
points of R are still boundary points of S with the exception of the 
points {x, q(x)} for 0< a4 < 1. 


Proof. The idea of the proof is to transform f(x,y) into another 
twice-differentiable function which together with all its derivatives 
up to the second order vanishes on our boundary arc, then to define 
the transformed function as identically zero beyond the arc, and 
finally to reverse the transformations. These will consist in trans- 
forming the (x, y)-plane linearly and reversibly and in adding to the 
original function f(x,y) summands twice-differentiable in the closed 
maps of S. Hence, whenever the transformed function has a desired 
continuation, so has the original function. 

We start with the transformation 


7 = y+(2M+1)2, = 2, 


by which S and R are transformed into S, and R, (say) respectively, 
M being the Lipschitz constant. Here R, is defined by 


09<F<1, (2M+1IE< yn < OE)+(2M+ 18. 


Obviously 4(€) = g(€)+(2M+1)é and t(é) = 4(€)—é are monotone 
increasing, and so are ¢(€£)—Mé and ¢(£)—Mé. Hence, if we denote 
the continuous monotone increasing inverse functions of ¢(€) and 


t(€) by E=4(y), €=7(y), 


+ There is no difficulty in allowing q(0) = 0. 








4 H. O. HIRSCHFELD 
respectively, we obtain the Lipschitz conditions 

(m1 )—#(M2)| < |m— | /M, r()—"(M2)| S [m1 —e|/M. (2.1) 
We now write g(&, 7) = f{é, n7—(2M-+ 1)&} and introduce 


7 T 


GE, n) = gE. 0)— | ar | (p) dp, 


0 0 
where ®(p) is any function, continuous for all p and equal to 
Jen V(P)> P}+Innlh(P), p} for (0) < p < (1). 
Thus Ge,A%(n), 1+ Gy {b(n), n} = 0 for 4(0) <<» < (1). (2.2) 
The next transformation will be X = €, Y = n—€, by which S, and 
R, are transformed into S, and R, respectively. Here R, (say) is © 
defined by 
0< X<l, 2MX < Y < 2MX+¢q(X) = «(X). 
We now introduce h(X, Y) = G(X, X-+ Y) and obtain by (2.2) 
hxy{r(Y), Y} = 0 for t(0) < Y < (1). (2.3) 
Now, since, for any pair Y,, Y, with (0) < Y, < Y, < (1), the point 
r(Y,), Y, will lie in R, if Y,—Y, is sufficiently small, we obtain for 
such pairs 
hy{r(¥,), Yy3}—hy{r(Vo), Yo} 
[—. 
_ hy{r(%), Yy}—Ay tr). ¥: 
_ Y,—Y, 


= hyy{r(%), Y*}+hy x(X*, ¥) 


r(Yi)—r(¥s) 
i” 


where Y<2°*<2. r(Y,) << X* < r(Y,). 


By (2.1) and (2.3) the last term tends to 0, if Y, > Y, or Y,-+ Y;. 
Hence [hy fr), Y}|] = hyy{r(Y), Y} for (0) << Y <(1). (2.4) 
: 


Thus we are able to construct a function ¥(Y) equal to hy{r(Y), Y} 
for (0) < Y < ¢(1) and having a continuous first derivative for all Y. 


We then introduce 
- 
A(X, Y) = h(X, Y)— | Y'(p) dp. 


0 
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Now this function H(X, Y) will have continuous second derivatives, 
and the identities 

Hy{r(Y),Y¥}=0, HAyyf{r(Y), Y}=0, HAHxyf{r(¥Y), Y¥}=0 (2.5) 
will hold for (0) < Y < ¢(1). The first is an immediate consequence 
of the definition of H and Y’, the second follows with the help of (2.4), 
the third with the help of (2.3). But now the function H{X, t(X)} has 
continuous first and second derivatives for 0 < X < 1, namely 


d 


ax ¢ [Ht X,t(X)}] = Hy x{X, (X)}. 


(2.6) 
This we infer since the Lipschitz condition holds for 4(X) and from 
(2.5) by the same argument as above. By (2.6) we are able to con- 
struct a function Q(X) having a continuous second derivative for all 
X and equal to H{X,i(X)} for 0 < X <1. Thus finally by (2.5) and 
(2.6) the function 


K(X, Y) = A(X, Y)—Q(X), 
vanishes together with all its derivatives on Y = #(X) (0 < X < 1). 
Therefore K(X, Y) will have continuous first and second derivatives 
in S,, if defined as identically zero in S,—R,. Reversing all the 
transformations, we obtain for F(a, y) the expression 


fiw.y) (in R) 
F(a y) a y+2Mex y+(2M+ lz T 
Q(a)+ Y(p) dp + ( dr fo (p (in S—R), 
0 0 0 
where Q(x) is any function which has a continuous second deriva- 
tive for all x and equalst 
q(x)+2Ma Q(x) + (2M +1)x a 
ffx,q(@3—  [ Vle)dp— = [_— dr [ Wp) dp for 0< 2 <1; 
0 0 0 


0 0 


and ¥’(p) is any function which has a continuous first derivative for 


all p and equalst 
p+r(p) 


fy{r(), p—2Mr(p)}— | PA) dA for 9(0) <p < g(1)+2M; 
0 
and ®(p) is any function which is continuous for all p and equalst 
Foyle), p—(2M+1)4(p)}— 2M fhe), p—(2M+ 1)4()} 
for (0 ) : p <2M+1+4(1). 


t g(x), r(p), and y(p) are representations of our boundary are. 
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1’. Continuation into the interior of the unit circle 

Let f(p,¢) have continuous second derivatives for 1 < p < 2 and 
all d, and let all these functions be periodic in ¢. Then there exists 
a function F(p,¢) equal to f(p,¢) in the above ring and having con- 
tinuous second derivatives for 0 < p < 2 and all ¢. If, in addition, 
we put x = pcosd, y = psing, then F will also have continuous 
second derivatives with regard to x, y in the circle with radius 2. 


Proof. Obviously the function f*(p,4) = f(p,¢)/p* is also twice 
differentiable for 1 < p < 2andall¢. Hence the function 
(f*(e.6) (1<p <2; alld) 
| 1—p+¢ p-1+¢ 
f*(2—p, d)— fp(1,7) dr + | fF(1.7) dr 
0 


1. 
| 0 
L 


F*(p,¢) = 


(0 <p <1; all 4), 
has continuous second derivatives in p,¢ for 0 < p < 2 and all 4; 
furthermore all these derivatives and F* itself are bounded and 
periodic in ¢. Thus, finally, the function F(p,¢) = p®F*(p, d) has the 
properties wanted, if F and its derivatives are defined as zero at the 
origin. 

If the whole boundary of a region locally admits a representation 
fulfilling a Lipschitz condition,t then, as may be stated without 
proof, C?-functions may be extended through it by the above methods. 
We have to apply § 2 successively to suitably chosen arcs. We start 
with a subdivision of the original boundary and then take the con- 
tours of wedge-shaped gaps left between the first continuations, thus 
embedding the original region in a larger one. To fill up the whole 
plane, suitable twice-differentiable transformations may shorten the 
process considerably; and § 1’ has to be applied, if the original region 
is of higher connectivity. 


3. Impossibility of continuation 

We are now going to show that C”-continuation through a 
continuous boundary arc is not always possible. Before, however, 
constructing an example as announced in the introduction, we state 
some simple regions showing that a cusp of the complementary plane 
may prevent a continuation into it. 

+ Every boundary point P is centre of a circle Cp such that all boundary 
points in Cp admit a representation 7p = qp(€p) where the (&p, 7p)-plane is 
connected with the (a, y)-plane by a reversible, twice-differentiable trans- 
formation and where qp(€p) fulfils a Lipschitz condition. 
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(i) Consider, in the (x,y)-plane, the region y < 4/|x| and the 
function tate ys (0<2;0<y<4/|e\), 

0 (elsewhere). 
Obviously f(x,y) is twice differentiable in the closed region in 
question.t Now suppose there is a C!-continuation in the neighbour- 
hood of the origin, i.e. suppose there is a function F(x, y) continuous 
together with at least F(x, y) in a circle round the origin and equal 
to f(x,y) for y < 4/\x|. Then for sufficiently small positive 2 we 
should obtain by the mean-value theorem 

[F (ew; |r|) —F(—2, 4/|x|)]/2e = B,(x*,/\x|)  (—a <a* <2), 
but on the other hand we should have 

[ F(x, |x|) —F(—a, 4/ |ar|)]/2a = (4/|ar|)8/2e = fart, 
and this would contradict the continuity of F, as x > 0. 

It is not an essential feature of our example that some derivative, 
higher than the second, should have a discontinuity in the original 
region. For the function 
g(x, y) = fexp(—y~) (x = 0; y Zz 0), 

| 0 (elsewhere), 
has continuous derivatives of any order below the curve 
le|* = exp(—y), 
ie. in the closed region R: 0 < |x| <1, y < (—2/log|z|)* and, by 
the same argument as above, it cannot be continued C! through 
this boundary. It is not even essential for our example that the 
function should not be analytic everywhere inside R.{ For instead 
of g(x, y) we might use the function 
hr, $) = e-¥" cos ($—4n), 
(r, é being polars about the origin) in R for the same argument. 

But all these examples have one critical point only (a cusp at the 
origin), beyond which a continuation is impossible. Thus the question 
arises as to whether a condensation of these cusps might not give us 
the example mentioned in the introduction. This is actually the 
case. But peculiar geometrical difficulties arise: if a set of cusps has 
to be inserted into a boundary on an everywhere-dense set, how are 


+ i.e. is continuous and has continuous derivatives up to the second order 
in the closed region (see footnote f, p. 2). The behaviour at y = © is of no 
relevance here. 

t I am indebted to Mr. L. C. Young, who pointed out this to me and sug- 
gested a condensation employed below. 
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we to prevent the effect of any certain cusp from being ‘extinguished’ 
by the neighbouring ones? Let us first introduce the cusps in question. 
They are the 3-parametric families of continuous curves 


R = ($3 $9; Ro, «) 


Ro+ re —log eS Ib—$o 3} (0 
(¢ = $5) 
for all aii Ry, and}<a< 1. Here ¢, R are polars about the 
origin and ¢ is measured in the positive sense of rotation from the 
x-axis. 

Now we shall proceed in the following way: we shail not insert 
single cusps into the boundary but pairs of cusps, a sharp one and 
a blunt one having the same point (¢9, Ry) as vertex and given by the 
curves a : oe 

k= a9; do, Ro, 1), R = (9; bo, Ro, x), 
respectively. We shall then take care that all pairs of cusps inserted 
afterwards shall not reach the interior curve R = (4; ¢9, Ro, x) 
having the blunt cusp. Thus, though the original contour of the 
region, R = q(¢;¢ 9, Ro, 1) will be ‘extinguished’, the interior curve 
will always remain inside the region or at least on its boundary. 

(ii) Construction of the region. 

Let us first note some properties of the above families 

R = ($3 do, Ro, x). 


1 + ($ > $o+9)| . 
> bo, Ro, x) > independently of R,; (3.02 
q(¢ po 0 x) x” (¢ => bo 0)J if ‘~ 0 ( ) 


dq (¢; do, Ry, Pe) 


| 7. Tas (3.08) 
is a monotone decreasing function of |A6—¢,| independent 
of do, Ry (0 < |6—dy| < 27; a fixed). 

Secondly, some notation has to be introduced. We put 

Dyn = 2arv/2" (vy = 0, 1, 2,..., 2"; all 2); 

we denote by R,,, positive numbers such that R,,, = R,,, whenever 
dyn = $um» and we use in the course of the proof certain closed ¢-in- 
tervals A,,,f which always contain the point ¢,,, as interior point. 

+ By ‘p- interval’ we mean all ¢d- values between two given ¢-values, the 


latter being included; by ‘d-angle’ we mean all points (¢, R) in the (a, y)- 
plane, for which ¢ is in a fb te ¢-interval. 
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Now we start to construct by induction two sequences of functions 
e,(¢) and 2,,(¢) for n = 1, 2,..., having the following properties: 


e,(@) is continuous and periodic in 0 < ¢ < 27 and this 
interval (0,27) can be subdivided into a finite number of 
intervals such that on any of them e,,(¢) is equal to one of 
the 2”—1 functions q(¢;¢,,, R,,,1) with certain R,,, and 
v= 1,2,...,.2"—1: in particular, there are in this sub- 
division 2”—1 intervals of type A,,, such that 


e,(¢) = _— q (¢; Pyn» one 2 


on any A,,, for all v = 1, 2,...,2"—1; 


vn 





i, () is defined in (0, hie and equal to 9($;4,,, Ryn, %,») in (3.05) 
A,» for a suitable «,,, with } < «,,, << land the R,,, of (3.04); ; 


1 < t,($) < trisl$) < Cnsal$) < €n(P) in (0,27); (3.06) 


in t,(¢) < e,(¢) the sign of equality is only true for 6 = 4,,,; (3.07) 
y= I, 2,...,2"—1; j 


> 


€n($)—Cnsalh) < 1/(m+1)°; (3.08) 


i,(¢) and 5° (¢) are continuous in (0, 27) except at the end- 
points of the An, for m = 1, 2,...,m and p = 1, 2,...,2"—1, 
where both of them may > ag ordinary discontinuities, 


and at ¢d = ¢,,,, where only © ad J e,(¢) is discontinuous, since, 


according to (3.04), e,,(¢) has a cusp there. 
We start with 

€(¢) = 9(¢3 7, 1, 1), 44(¢) = a(¢; 7, 1, 3), Ai, = (0, 27), 
and suppose that the first m pairs have been constructed. Let us 


then note two consequences first. In any closed set of values of ¢ 
not containing a point ¢,,, we have, by (3.07) and (3.09), 


0< 5 < €,(¢)—?,(¢), (3.10) 
and, by (3.03), (3.04), (3.09), 
|de,(p)/dp| < M, (3.11) 
where 6 and M depend, of course, on the set in question. 
To construct the pair eé,,,,(¢), t,4,(¢), we consider an arbitrary 
but fixed v with 0 <v < 2"—1 and introduce ¢; = ¢,,-+-i7/2™ 
(¢ = 1, 2, 3). 
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First of all we see that 

< U¢; 2; € n ($2), 1} (4, S d < $s); \ (3 12) 
the sign of =. holding only for ¢ = ¢4. \" ae 
This is a consequence of (3.03), (3.04), (3.09) by the mean-value 
theorem applied to q and e, on the intervals (finite in number) in 
which their derivatives are continuous. We now choose 6 and WM 
according to (3.10) and (3.11) for the interval (¢,,¢,) and consider 
the family q(¢;¢,,R,1) for some ¢-interval ¢,<¢< 4, with 
$1<4,<b<4&< . which by (3.02) and (3.03) can be chosen 
such that on it 


| iat 
By (3.12) we know that 
‘= min [adds €n($2)> 1}—en($,)], 
[a{Fsi be enlbs)s D—enlBdh Gape 2%} (18) 

is positive, and hence by (3.01) we obviously have 

U1; bas Cn($2)— 4, 1I}—e,, (4) > 0, 

I G2; $a» Cn(b2)—4e, 1}—€n ($2) > 0. 
On the other hand clearly 

U2; Pas Cn($2)—4€, I} —n(Po) = —he < 0. 
Hence remembe Ting the continuity of both e, and q we can find an 
interval 4, < ¢ < , with d, < #, < do < $< < dy, such that 


Ud: po, Cn( ($2) —te, l}—e n () S . 0 in (1, Yo) ’ (3.14) 
and the sign of equality in (3.14) only holds for 6 = %, and ¢ = uw,.T 
Furthermore we know that 


7yiltidee nlbo)—4e, 1}| > M in yo). (8.15) 


But then we ol by (3.11), (3.13), (3.14), (3.15) 


—min{1/(n-+1)*, 8} < {3 do, €n($2)—}e, 1}—e, (6) < 0 in (#,, po). 
(3.16) 


Finally, by (3.10) and (3.16) we choose an a* with } < a* < 1 such 
that . . " 
e in($) < a{b5 bo, n(b2)—3e, 0%} in (Yr, Yr). (3.17) 


ig y, are the roots of q{d; de, e(¢.)—}e, 1}—e,($) = 0 which lie next 
to 
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We are now ready to call ¢, = ¢, 41 (putting » = 2v+1) 
€,($2)—3€ = Ri ns ($1, eo) — An n+p a* = ,n+1 
and to define, for Pun <$ S dya.n 
e (¢) =F (UP; by, n-+1> Runs 1) in Aun+1 
n+1 — . 
\e,,(d)... elsewhere m (dyn: $y, n+1) 
i () ae (UP3 Py, n+1> Runs %p,n41) in Anns 
ee Lay (G).-- elsewhere im ($y. 4y,»-+1) 


Obviously, by (3.14), (3.16), (3.17) the properties (3.04),..., (3.09) are 
then satisfied for n+-1.¢ For the sequence e,(¢) we obtain by (3.06) 
and (3.08), for m > n, 


| (v = 0,...,2"—1). 


m 


0 < e,(¢)—e,,() <2 1). 
Hence lime, (¢) = e(¢), say, uniformly in ¢, and thus e(¢) is con- 
tineenille ie 0<¢< 27 and by (3.04) satisfies 
e(0) = e(2z), e(d,,) = R,, (v= 1,2,...,2"—1; all nm). (3.18) 

Finally, we introduce the regions 

E,,: 0<¢< 27, OL R<e,/g), 
for which the common part is seen to be the region 

E: 0<¢<27, 0O< RK ed). 

(iii) Construction of the function f(¢, R) and proof of its property. 

It will now be convenient to introduce polars r,,,, @,,, Which have 
as centre the point P,,, = (¢,,,, R,,,) constructed in (ii). Thus r,,,(P) 
denotes the distance of an arbitrary point P from P,,,; 6,,,(P) denotes 
the angle by which the axis ¢ = ¢,,, has to be rotated about P,,, in 
the positive sense of rotation in order that the point {¢,,,, R,,+1,,(P)} 
may become the point P. Any function of @,,,,7,,, can be written as 
a function of the polars (¢, R) or of the cartesians (x,y) as long as 
ry» >> 0: its value for r,,, = 0 will be understood to be the limit, 
if any, for 7,,, > 0. 

Thus any of the 2”—1 functions 

finld, R) = 2°" exp{—1/[r,,(P) P}eos{0,,(P)}, P= (db, 8) 

(3.19) 


has continuous derivatives with regard to x, y of any order in the 


vn? 


+ We have to define Ay, ,,,; = A,,— common part of (A,,, Assi ni) — 


common part of (A,,,, As,1. 41): 











12 H. O. HIRSCHFELD 


« 


closed region #,, and thus a fortiori in the closed region #.t Further- 
more each f,,, is analytic in any region which has no point in common 
with the semi-axis ¢ = ¢,,,R > R,,,. Hence the function 


i => "> Souls B), (3.20) 


ak 


has continuous (2, y)-derivatives of any order in the closed region E, 
is continuous itself there, and is analytic in any sub-region of Z. But it 


is impossible to continue f(¢, R) together with gl R) continuously 
o 


into any region S which has so much as an arc e*(¢) of the curve e(¢) 
in common with £.{ To show this we suppose the contrary to be 
true, i.e. we suppose there is a function F(¢, R) equal to f(¢, R) in 
FE which is continuous in E+S and has a continuous derivative 
o - ; 
ag R) there. Now by (3.18) we could find on the are e*(¢) an 
interior point of the form ( (Pum Rim), Where » and m are integers and 
pis odd. This point gives rise to a circle C with centre at ($1, Bum) 
lying entirely in H+ 8. Now define 
A, a ¢-interval containing ¢,,,, such that for all ¢ in A, the points 
{d, e(f)} are in C; 
A, the common part of Ao, A, ,,, and the interval 
— I /Im+1 — 9-/9m+1- 
Pum 2a/2™" < p — Pum+ 27/2” ? 
A, the sum of the two interior quarters of A,; 
JT the common part of C and the closed angle ¢ in Ag. 


We furthermore write 


Sls B+ ¥ “S° Sonlds B) = fil, B)+A, B). 


Ay rhs 


2 


f¢,B)= > > 


¢ym not in A, dyn in As 
Now /,(¢, 2) obviously has continuous derivatives of any order in 
E+T. Thus, te. it from F(¢,R), we should arrive at a 
function F,(¢, R) = es R)—f,(¢, R) equal to f,(¢, R) in # and con- 


tinuous together with ap F,(¢, R)in E+-T. Finally, we have by (3.05) 


+ See footnote f, p. 2. 
t More exactly, S is supposed to be a region such that H+-S has the pro- 


perties of E* considered in the introduction. 
§ The continuity of F'p(¢, R) will not be used to arrive at the contradiction. 
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and (3.06) for ¢ in A,, 
e(¢) Z> tn($) a U3 dum: Rum nm)» 


which shows that the curve R = i,,(¢) lies in Z for ¢ in A,. Now the 
process by which the desired contradiction will be arrived at is the 
following. We choose on this curve R = ,,(¢) (¢ in A,) two points 


P(9) = (Pum; tal Gum n)} = {$*(n), B*(y)} 
Q(n) — {¢um—> tn(Pum—)} sae {¢-(n), R*(n)} 
and estimate the difference-ratio 
[fo(o*, R*)—f,(¢-, R*)|, (¢+—¢-). 


It will be shown that this ratio tends to +00 as » > 0. But on the 
other hand the ratio ought to be equal to 


OF. 
ag 0) R*(n)}, 


taken for a suitable mean-value (7). This will clearly contradict 


(yn > 0) 


the continuity of af as » > 0. To estimate the difference 


So($*, R*)—fo(d-, R*), 
we compute any of its summands f,,,(¢+, R*)—f,,,(6-, R*) (¢,, in Aj) 
separately. We first assume 
gm > Gt OF yn < Or. 
Then the function f,,,(¢, R) is an analytic function of the correspond- 
ing polars @,,,, 7,, in a suitable convex region containing the arc 
R= R*,d- <¢< $+. Hence by the mean-value theorem 
2°"l fon(h*, R*)—fin($-, R*)] 
= exp[—1/{r,,,(P)}*]cos{40,,,(P)}—exp[—1/{r,,,(Q)} ]eos{4,,,(Q)} 
= exp{—1/rZ}(2/r?)cos 46,[r,,,(P)—r,.(Q)]— 
—exp{—1/r}}} sin 36,[6,n(P)—6,n(Q)], 
where Tyn(P) = 1, = Tyn(Q), 0< 0, < 2n. 
But, if we introduce r, = min{r,,,(P),7,,,(Q)}, we have 
exp(—1/r} = et pe-tht et 


= eM e-I(2/r8)(r4—9), 
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where 7, > 73 > 1. Hence we obtain 


227 | R*)— ° P) | ee 
- If mn( $*, Mee Rk *)| < | are ioe e-'ri(2/r?)|cos 36, |+ 


+ oar ee r3) |sin 36, | .|0,,(P)—@,n(Q)|+ 


of. 2 e-Uri(1/2r,)|sin $0, |. (3.21) 


Now, since by elementary a. 

T_(l)—f, wile < (¢* —¢-) 
yn(P)—On(Q) |r2 a (377) aap *(7) T 0< A 9yn(Q) < 27, 
it is obvious that the right-hand side of (3.21) will be smaller than 


some constant multiple of R*(n), Therefore we obtain 


on 


2 S  [fnlbts B*)—fn(b-, R*)|/($+—b") < 0’, (3.22) 


=ly=1 


—— 
dyn in A; and ¢yn>d* 
or dun o- 
where, of course, C’ does not depend on 7 since R*(7) is bounded. 
We now consider among the ¢,,, in A, those, for which 


- < Pyn < d Me 
For these we infer from (3.19) 
Sin(ot, R*) >O0 and f, 


vin 


(6-, R*) < 0. 
Hence combining (3.22) and (3.23) we obtain 
fe (¢*, R*) —fe (¢-, , R*) > Sum ¢*, R*) \—Sromal ¢-, k*) — CO’. 
$*—o- ¢*—o- 
sans Om) a Rim: we have 


Pum(P) = 27—Om(@) < 42, 


pm uml = 


Now, since 9(¢; dum; F, 


and thus, putting p(n) = ic a = Tum Q(y)}, We arrive at 


gee =n 1/ V2)(2- 2m)e e-Utpm)}*. 
Sum? (7) ? *(n )} < —(1/v2)(2-2™)e—Mom}*, 


+ Firstly, (6+—¢-)R*(n) > > PQ > |r,,(P)—7,,(Q)|. Secondly, consider the 
triangle P,,, P,Q with =. PQ, 1 n(Q)> 7, »(P) and assume without loss of 
generality r,,(P) > vn (Q) = 1g. Stall consider the triangle P,,, Q, P*, 
where P* lies on P. _P and has distance r,(Q) from P,,. Then we have 


vn* 


vn? 


PQ > P*Q > (2/7) x length of the smaller arc of a circle through Q and P*. 
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But solving the equations R*(n) = ,,{¢+(n)} and R*(n) = i,,{6-(n)} 
for d+(n) Be: and for ¢-(7)—¢,m respectively, we obtain by (3.01) 

$*(n)—$-(n) < 4a/e x exp[—2/{ Rm— R*(y)}’]. 

Hence since ps iy )—Rum < p(y) we finally arrive at 
$+(n)—b-(n) < deletion", (3.26) 

Combining now a a 2 (3. = we see that 
7-0 a i es 
since, by the continuity of 7,,(¢), certainly lim p(y) = 0. On the other 
70 


hand, under the above assumption of a C!-continuation F,(¢, R) in 
E4+-T, we should obtain by the mean-value theorem 


fo{d*(n), yh he R*(y)} —_ oF 5m), R*(n)}, 


es —$-(n) og 


for some 4(n) with d-(y) < (yn) < ¢*+(n) and this would clearly con- 


tradict (3.27) or the oa of 3 in E+T. 


Finally, I should like to express my thanks to Mr. L. C. Young 
for his kind help throughout the preparation of this paper. 














ON THE INTEGERS WHICH ARE THE TOTIENT 
OF A PRODUCT OF THREE PRIMES 


By PAUL ERDOS (Manchester) 
[Received 1 April 1935] 


THRovGHOUT this paper p, q,7, p’, q’, 7’, 8, P are used to denote prime 

numbers; ¢ an arbitrarily small positive number; x all sufficiently 

large integers, i.e. n > n(e); N(p,m) the number of the primes p not 

exceeding m and belonging to a defined set. The C denote positive 

absolute constants, not always the same in each occurrence. I prove 

the following 

THEOREM. If f(n) is the number of solutions of the equation 

(p—1)(q—1)(r—1) = n (1) 


in primes p, q, r no two of which are equal, then 


lim f(n) = ©. 


no 


I believe, but cannot prove, that a similar result holds for the 
solution of (p—1)(q—1) = n. 
We require the following 


Lemma.* If the primes p are such that p—1 has more than 
(1+ .)loglog n or less than (1—e)loglog n different prime factors, then 


" n 
N(p,n) = of ——}. (2) 
log n 
This result is included in the more general one that, if PF, denotes 
a prime such that P,—1 has exactly k different prime factors, then 
N(P,, n)log?n < Cn(C-+loglog n)*+*. 
From this is deduced exactly as in my paper quoted above that 
n 
>) N(P,,2)+ N(F,,.2) = o( ; ) (3) 
k (1—6loglogn . k “st i . (log n)!+8 


where 6 = &(e) > 0. 
I prove from (3) that, if P denotes a prime such that P—1 has 
more than (1+ .e)loglog P or less than (1—e)loglog P factors, then 


* P. Erdds, Quart. J. of Math. (Oxford), 6 (1935), 205-13. 























ON THE TOTIENT OF A PRODUCT OF THREE PRIMES $17 
> P-! converges. It suffices to show that 
N(P,n) = =f ; 4 
( ) (aaa) ( ) 
* where 8’ is a positive constant. In (4) either P < vn, i.e. there are 
at most vn, values of P; or n > P > vn, and then 
loglogn > loglog P > loglogn—1, 
and so (1+ )loglog P > (1+ 4e)loglog n, 
(1—e)loglog P < (1—4e)loglog n. 
Hence the P’s exceeding vn are included among the primes Q (< n) for 
which Q@—1 has more than (1+ 3e)loglog n or less than (1— }e)loglog n 
different prime factors. Then from (3), with 5’ = 8(e), 


, ” a ee 
sini o((ognrs) +” (og ay) 


Typify by A the positive integers not exceeding n such that 
py = A, 


where no two of the primes p, qg, r are equal, and p—1, g—1, r—1 
each have more than (1—e)loglogn factors. I prove that 


n 





N(A,n) > C , 
log n 


(5) 
Denote by p’ (or q’, 7’) the primes such that p’—1 has more than 
(1—e)loglog n different prime factors. Take the primes, say 1’, less 
than n/p'q’ for arbitrary and unequal p’, a’, and multiply them 
by p’q’. The integers p’q’r’ belong to the A’s, and each A can be 
obtained at most six times in this way. Hence 

6N(A,n) > > wr, a) (6) 

ey 4d 

the summation being extended over all different p’, q’, and N’ 
denoting the omission of p’, g’ among the 7’ in calculating N. It 
suffices for our object to take only those p’, g’ for which 


nt < p’,q’ <n. 


1 
I prove now that —>QC. 
iSpcniP 
ni<p’<n 
For = 4 = loglogn+C-+o0(1), 
D 


pen 


3695.7 C 
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1 
—>C. 

int P 
The primes p in this sum such that p—1 has less than (1—e)loglog 

different prime factors occur among the primes P (n* < P < n*) which 





(8) 


and so 


ni<p 


are such that P—1 has less than (1—}e«)loglog P different prime 
factors. For clearly 
(1—e)loglogn < (1—}e)loglog P, 
since loglog n—log 8 < loglog P < loglog n—log 4. 
Hence, since the series } P-1 converges, 
> P<. say, 
nt<P<nt 
for arbitrarily small positive «, and n greater than some n(e). Then 
(7) follows on omitting the P from the p in (8). On squaring (7), 
pFY 
1 

C 

=, >0, (9) 
nicpg<nt = q 
the omission of the terms in which p’ = q’ being allowable, since 
> 1/p? converges. On subtracting from the number of primes s 
less than n/p’q’ the number of those for which s—1 has less 

Pq 
‘ i 2 ; . : n n 
than (1—4e)loglog — different prime factors, i.e. o(—— /log— | 
Ps Pq PY 

from (2), by replacing « by de and n by n/p’q’, we have 


Bb: 
N r, 2S > ee) se ae 
pa py logn 


p’ +a’ 





Hence, from (6), 


6N(A,n) > Cn ~ Cn 
IN(A.n) > tee aie tite as 
ei pd logn~ logn’ 


ni<p’,q’<nt 
by (9). 

Denote now by B,, B,,... the different integers in the set ¢(A), 
where A does not exceed » and ¢ denotes Euler’s ¢-function. The 
B’s are clearly of the form 

(p'—1)(q'—1)(r"—1). 
I prove that N(B,n) = o(n/logn). (10) 
Define the quadratic part of an integer I = p%qf... as the product of 
the powers p* with indices exceeding unity. Split the B’s into two 
classes B,, B, according as their quadratic part has respectively more 
than or not more than «loglogn different prime factors. Obviously 
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the integers B, have a divisor which is composed of prime factors, in 
number exactly [«loglogn] (= j, say), each occurring with a power 
exceeding unity. Hence 


s 1\/ % Nj 
rn <3 3) <2 <5) =e 


pia 
where the summation extends to all primes p and all indices « exceed- 
ing unity so that the double series converges. 

Each of the integers in B, is of the form 


(p’—1)(q'—1)(r’—}), 
where p’—1, q’—1, r’—1 each have at least (l—e)loglogn different 
prime factors, and so at least (3—3«)loglogn prime factors, not 
necessarily all different. But from the definition of B,, p’—1, q’—1 
can have as common factors at most «loglog n different primes; and 
similarly for g’—1, r’—1, ete. Hence each integer in B, has at least 
(3—6e)loglogn different prime factors and so at least 2@—6eloglogn 
divisors. But ” 
2,1 < Cnlogn, 
and so* | N(B,,n) < Cnlog n/2@-6loslogn — o : ) 
log n 
if we now suppose ¢« taken so small that 
2 — (2-71...)°. 
+N(B,,n) = o(n/logn). 


93—6e pe e- 
Hence N(B,n) = N(B,,n) 
' This is (10). 

Then, from (5), V(A,n) > —N(B,n) for every positive constant e, 

€ 

if n > n(e). Hence at least one of the B’s less than n is represented 
at least 1/e times in the form ¢(N) for every l/e if n > n(e). This 
concludes the proof of the main theorem. 


* Tt is here that the method breaks down for the solution of 


(p—1)(q—1) = n. 














A GENERALIZATION OF THE KALUZA-KLEIN 
FIELD THEORY 
By B. HOFFMANN (Princeton) 
[Received 8 July 1935] 


1. Introduction 
In the general theory of relativity the time-like geodesics of the 
including 





space-time continuum are the trajectories of test particles 
photons—in the gravitational field. If, however, an electromagnetic 
field is present in addition to the gravitational field, and if the test 
body carries electric charge in addition to mass, its trajectory will 
no longer be a geodesic of the space-time of the general theory of 
relativity. In the five-dimensional theory} of Kaluza and Klein the 
time-like geodesics of the cylindrical five-dimensional continuum can 
be shown to be the trajectories of charged mass-points in the com- 
bined gravitational and electromagnetic field. The Kaluza-Klein 
theory has been modified in two ways in order to avoid the introduc- 
tion of a fifth dimension which can have no physical significance. 
Veblen and Hoffmann{ showed that a satisfactory theory could be 
constructed in which the basic geometry was the generalized pro- 
jective geometry of four dimensions, while Einstein and Mayer§ 
have used a four-dimensional space with every point of which is 
associated a five-dimensional auxiliary flat-space in the manner of 
a tangent space. The two theories have been shown to be very 
closely related,|| and, in each, certain fundamental curves of the 
geometry involved give the trajectories of charged mass-points in 
the combined gravitational and electromagnetic field. 

The type of geometry employed usually determines the equations 
of a class of curves that are of special significance for this geometry; 
and, conversely, if the equations of the trajectories of particles are 


+ Kaluza, Sitzungsb. der Preussischen Ak. (Berlin) (1921), 966; Klein, Zeits. 
fiir Physik, 37 (1926), 895, and 46 (1927), 188. 

t Veblen, Quart. J. of Math. (Oxford), 1 (1930), 60; Veblen and Hoffmann, 
Phys. Rev. 36 (1930), 810. We shall refer to the latter as P.R. 

§ Einstein and Mayer, Sitzungsb. der Preussischen Ak. (Berlin) 25 (1931), 
541. 

Schouten and van Danzig, Zeits. fiir Physik, 78 (1932), 639, and other 

papers ; Veblen, ‘Projektive Relativitatstheorie’, Ergebn.der math. Wiss. (Berlin) 
(1933), Chap. 8; Hoffmann, Phys. Rev. 43 (1933), 615. 
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known, it is often possible to deduce something concerning the 
general type of geometry for which these trajectories can be funda- 
mental curves, and also something concerning the values of the 
fundamental connexion employed in this geometry. Once the 
geometry is completely specified, the number of possible sets of field 
equations is often strictly limited. For example, in those field theories 
such as the projective theory and the present one which closely 
parallel the general theory of relativity, the field equations are 
uniquely determined by the requirements that, for free space, they 
shall be tensor equations of the second rank, they shall be differential 
equations of the second order in the components of the fundamental 
tensor, and their generalized divergence shall vanish identically. The 
last condition ensures that, when a material tensor is included, its 
generalized divergence will also be zero, thus leading to the laws of 
change of momentum and energy under the influence of electro- 
magnetic force, and also to the equations of the trajectories of test 
bodies with which the theory started.t Furthermore, the vanishing 
of the divergence implies that the field equations are the conditions 
that some invariant integral shall be an extremum. Thus in favour- 
able cases a definite field theory can be built around the equations 
expressing the motion, in the type of field one decides to take as 
fundamental, of the type of particle one decides to take as funda- 
mental. 

When the Kaluza-Klein theory and its four-dimensional modifica- 
tions are viewed from the point of view of the physical significance 
of their fundamental curves, it is seen that a generalization is 
necessary; for these fundamental curves make no reference to the 
motion of test bodies having any magnetic properties. One of the 
fundamental particles of physics is the electron, which has, in addi- 
tion to its mass and charge, a magnetic moment that is proportional 
to its specific charge; its motion, therefore, cannot be correctly 
described by the fundamental curves of the Kaluza-Klein geometry 
and its generalizations. 

In the present paper the motion of magnetic particles is con- 
sidered along the lines just discussed. The treatment of the motion 
of a dipole by this method meets many difficulties, and we shall 
confine ourselves to the construction of a theory which will take 


+ For the manner in which this comes about see Einstein and Mayer, 
Sitzungsb. der Preussischen Ak. (Berlin) 25 (1931), 541, § 8. 
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account of the motion of a test body possessing, in addition to its 
mass and electric charge, a magnetic pole strength. Such a particle 
has not been observed in nature, but all magnetic particles can be 
regarded as formed from a suitable distribution of such magnetic 
poles, and the situation is equivalent to that which arises in the 
projective theory of relativity in regard to the motion of test bodies 
in the form of electric dipoles. 

In this paper I develop the theory as a generalization of the 
Kaluza-Klein theory, and in a later paper I shall show how it can 
be made into a four-dimensional theory when treated as a generaliza- 
tion of the Einstein-Mayer theory. The present theory has the same 
degree of freedom as the generalized conformal geometry, and 
possibly can be brought within the structure of this geometry as a 
four-dimensional theory, but I have not yet succeeded in accom- 
plishing this. 

The theory here presented provides a necessary generalization of 
the Kaluza-Klein theory and its modifications, and it turns out that 
in so doing it gives a greater elegance and symmetry to the equations 
of the electromagnetic field without spoiling their significance. 


2. Trajectories 
We shall follow the same conventions regarding suffixes as are 
used by Veblen in conformal geometry.+ Thus Latin suffixes will 
take the values 1, 2, 3, 4, Greek suffixes from the early part of the 
alphabet will take the values 0, 1, 2, 3, 4, and Greek letters from the 
later parts of the alphabet will take the values 0, 1, 2, 3, 4, 00. 
For a particle of charge « and mass m the trajectory in a gravita- 
tional and electromagnetic field is given by 
Pat | (a\de? det _ « yode a 
ds? ' \be) ds ds m'’ ds’ 
where g,,,, and ¢,,, satisfy the field equations of Maxwell and Einstein. 
These equations may be obtained from the equations of the geodesics 
of the Kaluza-Klein theory in the following manner. The metric 


Yag has the form} 


oe Jab + by dy, 
ye Pu ’ (2) 
Yoo = 1 


+ Proc. National Ac. Sc. 21 (1935), 168. 
{ We are using the notation of P.R. 
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where all the quantities are independent of x°, and the Christoffel 
symbols have the values 


bo [| toh + Het 
1 (aby os) 


oxe ' dx? 


TY. — —$uy Phe+3( 


a 


a a 

a "a" 

So 

i. = 0 
The geodesics of the Kaluza-Klein space are given by 
d?x% y dxP dx 
ds? Py'ds ds 
These equations may be broken up into the two sets 

d2x*  , dah dxy — 
ds? yds ds , 
d?x° 9 ax? duv 
ds? Py'ds ds 


The former is easily expanded in terms of the values (3) of the 

Christoffel symbols; the latter may also be expanded by means 

of (3), and, in the result, we may make use of the first of the above 
; - , dx? da? 

pair of equations to eliminate the quantity If, —. The two 


t . 
“ds ds 
sets of equations then take the forms 


d*z4 a)\ da? dat dxv\ dx? 
my a, +248 (4,7) = 0 | 


ds? ' \be| ds ds ds 


d2x° d2x4 Oba dx@ da? a 


"7 nee & 
ds? “ds? ° dx ds ds 


The second equation may be written as 


d day 
ai\ a) coil 


which shows that (¢,dx7/ds) is constant along the geodesic. If we 
denote this constant by (—e«/2m), the first equation of (5) reduces 
to (1). 

It is to be noted that the constant ¢/2m enters because of the extra 
dimension 2°, the quantity (¢,dx7/ds) measuring the cosine of the 
angle between the geodesic under consideration and the 2®-axis. 
This quantity we should expect to be constant, because of the 
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‘cylinder condition’, which postulates that the coordinate x° does not 
enter any geometrical objects of the space. 

Now the Lorentz force on a moving electric pole of charge « is 
«(Z+vxH), which, in general relativity, becomes «¢jdx’/ds. The 
force on a moving magnetic pole of strength p is n(H+v £), which 
becomes pif dx” /ds, where, in the Galilean case, 


£3 = dig, P= doy, $? = dy43 $= do5, #4 = dar 4 = dre, 
account being taken of changes of sign introduced by raising and 
lowering indices. Thus, if the test particle has a magnetic pole of 
strength » as well as a charge « and a mass m, its trajectory in a 
gravitational field is given by 


d?x*  (a)\da?da ¢ ,,dx” yp ,,dx? 








4 on -. eae _ = @, 6 
ds? ' \be| ds ds m'’ds m'’ ds (8) 
where ¢,, is the dual of ¢,,,, i.e. where 
yyad oe pred = 1 1 eabedd, : (7) 
2 /(—g) 


We now wish to obtain equations (6) as the equations of the funda- 
mental curves of some type of space. Since two constants e/m and 
p/m enter the trajectories (6) that we wish to obtain, it is evident 
that we shall need an extra dimension x” making six dimensions in 
all. The following scheme gives the trajectories we require. 

We consider a space of six dimensions of which four are orainary 
space-time while the other two, whose coordinates will be denoted 
by x° and 2%, satisfy the cylinder condition that the components 
of all geometrical objects are independent of them. We shall keep 
x® and x” fixed but shall let x1, x?, 2°, 2 undergo the usual general 
analytical transformations of the space-time frame. The six-dimen- 
sional symmetric metrical tensor will be denoted by «,, and its 
associate x will be defined in the usual manner. From the form of 
the transformations allowed it is seen that «’” is a four-dimensional 
tensor, Kj, «;. are four-dimensional vectors, and Ky, Kgx, Koo are 
scalars. Thus if we write 

«mm = g™™, ky = $, Kio = fr, Koo = Fo = 1, (8) 
Keo =Yo=—1, kon = ba = to = 0, 
where g”” is a tensor and ¢,, and %,, are vectors, these equations will 
be invariant. 














ON THE KALUZA-KLEIN FIELD THEORY 25 


Since «x, = 54, we have 
MK gt KK yg tH” kop = 0, 


whence Ko — —g'mg. (9) 
Similarly, Ki? = +g/mf. (10) 
Also MK an Kk gn TK Kon = 94, 


which, in view of (8), (9), (10), may be written as 


F(a —Gun bn t+Ym $n) ue Sh, 


giving Kmn = Imnt+OmPn—Ym¥ n> (11) 
where Pen, = 8. (12) 
Again, since xy, = 1, 
we have Kd, +x = 1, 
or, by (9), x — 1t+gmng, ¢,,. (13) 
Similarly, K°? == —]1-+9™¥,, ¥,.. (14) 
Finally we have Ae, = 0, 
i.e. TKO Kg the Kon = 0, 
which, by (8) and (10), shows that 

Ko? = — gd, hy. (15) 


Thus, collecting results, we have the following values for the com- 
ponents of the metric and its associate: 


Knn = Jun t Pm Pn—Ym Pn» Kmo = Pm: \. (16) 

Km = Bm, Ken = 0, Keg =1, Kan = —! 

hmnr — g™. cmd — —g""¢,,, Kme — grb, . 

Ko? = —9""dbm Yn, KO = 1+9""bm $n: KOS = —14+9""in tn 
(17) 


From (16) we easily obtain the result that the determinant « = |k),,| 
is equal to the negative of the determinant g = {g,,,,.|. 

We now compute the values of the Christoffel symbols K e formed 
from the x), in the usual manner: 


OKoy 


. OK. 
Ki, =} | + EF 


Okyy 
Cm Ct” Gta 
If we denote by | ' the Christoffel symbols formed from the g,,,,, by 
mn 
1 


d,,,. the tensor (e2- aa and by ¢%,,, the tensor s(n ae} 


Pymn 9 
4 


de® dx 2\ax" dam 
and if we use the g’s for raising and lowering suffixes of ¢,,,, and %»,» 
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and follow the convention that the first suffix will be raised first, we 
find that the various components of the connexion jd take on the 


values: 


l 
K ci — \4 m Pn +¢i, Fa~ m Pn —y, Pin 


\mnj * 
Ohm , Od 
oe —¢ Eat = 5 ae +58 


K-= = pb, K < Ob», 4 Hn 
mn 1**mn 2\ dun eam 


nN n ™n _— n Os eal —dn d 20 ih pn ys 
mo ~ = dh: K mo ~~ m? Boo ~ mrYrn? Kino = mrn 


Be oe «~ Kino Pans = Pity, KA, — Ki, = E., oo = 0 J 


We now assume that the trajectories are given by the geodesics 





d2x dat da” 
ee cnn oe 19 
ds* TA ds ds 9} 


These equations may be separated into three groups, those for which 
A = 1, 2, 3, 4, that for which A = 0, and that for which A = oo. For 
A = | we find that the corresponding equations may be written as 


da!  ( l \da™ dx >f, Gx"\,, da™ . dx” , ax” 
a ie pice hin” = 0. 20 
ds? ' \mnj ds ds © ( ‘ Z| ” ds +2, = |bm- (20) 

da™ da” 


As in § 2, we may now use the equations (20) to eliminate K/,,, — 
ds ds 


from the equations for A = 0 and A = oo. After this elimination has 
| 
been performed, the remaining equations take the forms: 
8 eg 
: do Pa"  oa¢,,dx2™ da* 
for A = 0, > +m ds? +; 


ds” da” ds ds 
and for A = o 
Pa”, , Px” da da” _ 
— +n—s> a a 
ds ds 


ds? ds? Ox” 


Equation (21) may be written as 


d dar 
ome - = 0, 
ds (4 ds ) 


‘ : ; ; dax'\ . 
which shows that, along a given geodesic, the quantity (0.75) is 
ds 


constant. We denote this constant by (—«/2m). Similarly, equation 
(22) shows that, along a given geodesic, the quantity (32) is 


constant. We denote this constant by (—/2m). 
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The equations (20) may now be written as 


d?at =( 1 \da™dz™ e¢ ,, dx™ 
2 | e ee ma. — = eh — 0, (23) 
ds? ' \mnj ds dsm qe 
and these will be precisely the Zoey (6) provided we relate 
bmn and %,,,, by relation (7). 
Thus we shall obtain the trajectories we require provided we take 
the metric x, such that ¢,, and %,, satisfy the relations 
gmrgn4 Of, Ob, r= io Cy Oy) (24) 
Oxt = dauP 2(— -g) €xt = Ox? 


We shall discuss the integrability of these conditions in § 4. 


mn 


3. Field equations 

Field equations may be constructed in the same manner as in the 
projective theory. These field equations will naturally place restric- 
tions upon ¢,, and y¥,,, but it turns out that they are completely com- 
patible with the restriction (24) that has already been imposed on 
these quantities. 

In order to construct the field equations, we first form the six- 
dimensional Ricci tensor C),, given by 


0K?) _ ORS 


m?> 


a Mt Ky ke —K', K¢,. (29) 


7 a ex? a 


[t is found that this tensor has the following components: 
( ‘mn = = | —?, P%,, s —¢m oe Pp Pee stPmn f.— 245, Onst 
+2 Pnst bmn bs bi —bm Pn Ps Yt — 
—Pin br Vs bi tPn tn Voi 

Cmo = — stom d} $s —Fx d} Wh, 
2 0 ia s Fin bf Ye+ ! Pm bf $s 

‘00 = $14! Com = WW, Con = WH J 
where the commas denote covariant differentiation with respect to 
the g,,,, and R,,,,, is the Ricci tensor formed out of the g,,,.. From 
these results it follows at once that the curvature scalar C has the 
i C= Oy, = R-8b (31) 
where R is the curvature scalar formed from the g,,,,,. 


The field equations will be taken as the conditions that 


5 J CL( g) dard: edardx' a 


+ 
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where the variation is with respect to the Kw the variations Skyy 
and their first and second derivatives vanishing at the boundaries. 
The above variational principle may be written ast 
[ QMBicrual(—g) dee'dadardxt = 0, (33) 
where OAH = CH— Lich. (34) 
Since ko = 1, x9. = 0, and «x. = —1, the variations 5x), are 
not independent. We have always dky) = 0, dk9. = 0, Skxr. = 0, 80 
that from (33) we can only obtain 
Aut TSA T(SA 1 SA 1 Ws ae 
OAH + U8A 8h + V (5G SK +54, 5H) + WSs, dk = 0, 
where U, V, W are undetermined functions. 
If we lower the indices we obtain 
Oy +Ud byt Vbrtterdy)+ Wht, = 0. 
For A = p = 0, these give 
U = 
similarly, for A= 0, » = 0, and for A= oo, ~= 0, we obtain 
respectively Om Wo ie. 


The field equations may therefore be written ast 


: = DQ) —Fr Fp, Qoo— (PrP +Pr Fp) 00 — Py Py, Q020 = 0. 
The equations 
Too = Q, T 20 = 0, Too = 0, Tow = 0 


are obviously identically satisfied. The remaining equations may 


be regrouped as mn — 0. (36) 


Ts — 0, (37) 
7 = 0. (38) 


+ The method is the same as that of P.R. 817-18. 

{ In P.R. the field equations were I.,—¢,¢, 0 = 0, whereas the analogue 
of the field equations of the present paper would be I’,,—¢,¢g199 = 0. There 
is no essential difference between these two sets of equations, however, since 
each contains only fourteen algebraically independent equations, the second 
set quite cbviously so, since the ‘0O—0’ equation is identically satisfied. The 
difference lies only in the fact that the equations of the first set are the result 
of taking linear combinations of the field equations of the second set. It is 
evident that other, more complicated, expressions could be used to give the 
same field equations, but the field equations, whether considered as the condi- 
tions that a certain integral be extremal, or as equations governing the 
physical field, have a unique significance. Similar remarks, of course, apply 
to the field equations of the present paper. 
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By an obvious generalization of a theorem I have proved else- 
where,t we see from the form of the scalar C that the field equations 
obtained from (32) must, when grouped as in (36), (37), (38), take 
on the respective forms 

(Rm — 3g" R) + 219% 2+ 49""$5 $6) — 
— 2g oi Hig" we) = 0, — (36’) 
o™ , = 9, (37’) 
yn, = 0; (38’) 
and it affords a useful test of the accuracy of our computations to 
verify that the equations (36), (37), (38) do in fact take the forms 
(36’), (37’), (38’), respectively. 

When we take into account the conditions (24), we see that the two 
sets of equations, (37) and (38), are the complete set of Maxwell 
equations expressed in symmetric form. We shall discuss these in 
the next section. 

It is not difficult to show that the remaining field equations (36) 
now reduce essentially to the corresponding field equations of the 
projective theory. This is most simply seen by considering the value 
of the scalar C that enters the variational principle (32) when the 
conditions (24) are imposed. In the usual treatment of the relative 
tensors €”°¢ and €,,,q, the quantity vg is used in order to reduce them 
to absolute tensors; but in relativity it is necessary to use ,/(—g) if 
we wish to avoid complex quantities. The effect of this is not negli- 
gible in the present instance, for if we evaluate ¥*“%,, in terms of dy, 


we obtain 


pp Shh pa Isp g ta ype — Isp Itq p*"d “es 


1 
a stab-pacd 
= Isp Iiq € sia Pav Pea 


4(—g) 


1 stab \ - paced 
= 4( —9) (Ysp Itq Jam Ion en je? - 1b" bog 


1 6 1 
— 4(—g) (+9) erenn ae gm ‘Dea 


ae —$" bea ng —$"bz. 
Thus the use of ,/(—g) has introduced a negative sign in the value of 
**$% that would not have appeared had we been able to use vg. 


+ Hoffmann, Proc. Royal Soc. A 148 (1935), 353. Lemma. 











30 B. HOFFMANN 


Since Yh, is the negative of ¢%4,,, the variational principle (32) 
reduces, for variations of the g,,,,, alone, to 


8 [ (R—24%by)(—g) datda*datdat = 0, (39) 


which will therefore give for the field equations (36) the form 

(Rm — 3g" R) + 4(g"b5'b?' +19" bibs) = 0; (36") 
this can be verified by direct computation from the form of (36’). 
The above equations, except for the change of units implied by the 
4-factor that takes the place of the 2-factor of the corresponding 
field equations of the projective theory, are identical with the field 
equations of that theory. 

Thus we have shown that the field equations of the present theory 
do not contradict the results of the projective theory. 

(The negative sign introduced by ,/(—g) is the reason for taking 
the metric x), to be such that xo, and «,,.. have opposite signs. If 
Koo and x... were taken to be of the same sign, the scalar C would 
take the form (R—dj ¢{—z#f pt) and the electromagnetic part of the 
energy would thus vanish when ¢** was identiiied with *.) 


4. Field equations and the integrability of (24) 

In this section we shall discuss the relation (24) in the light of 
the field equations. Let us, for the moment, forget that ¢,,,,, and ,,» 
are the four-dimensional curls of vectors ¢,, and ¥,,. The field equa- 
tions (37) can be replaced by the equivalent invariant equations 

pk 2 ok of 3k ‘ 
Finn Pnv_ “Pom rE 
CxP Crm © Oar 


0, (40) 


where ¢*,,,, the covariant dual of ¢,,,,,, is defined by 


mn? 
-_ ee 0 
— aa ImsIut? "= —$(—G)€mnpe ¢! a (41) 
The equations (40) are the conditions that we shall be able to find 
a vector, say ¢*, such that 
¢ * ‘ * 
ae oe C m__ Pn 
” 2\éa" dam)" 
Similarly, if the field equations (38) are satisfied, we can find a %* 
such that L/ob*  adb* 
be on ¢ m__ Pn (43) 
mn Naa" tam] 


If, therefore, we identify 4*, with y,, 


mn mn? mn — TPmn: 


and %* with ¢,,, we shall have 


m 
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These are consequences of each other and are the same as the single 
relation ynn — gemn, (44) 
and when (42), (43), and the relationship between ¢*, £*,, ¢,,, %,, are 
taken into account, (44) reduces precisely to (24). 
Thus the field equations (37) and (38), which are merely the 
Maxwell equations, ensure that the conditions (24) will be integrable. 
Since ¢,,,, is the curl of a vector, the field equations 
gen, = 0 (38") 
will be identically satisfied; and a similar result holds for %. It is 
seen, therefore, that there is a certain redundance about the condi- 
tions we have imposed, since, in building the present theory from 
the metric «,, in such a way that ¢,,, and %,,,, are automatically 
the curls of vectors, we have anticipated part of what can be deduced 
merely from the field equations (37) and (38) in conjunction with the 
postulate that ¢,,,, and z,,,, are dual antisymmetric tensors. If we 
ignore the fact that ¢,,,, and ¥,,,,, are curls of vectors, but assume that 
they are dual six-vectors, the two sets of field equations (37) and (38) 
will constitute the complete set of Maxwell equations and will include 
the fact that ¢,,,, and its dual are curls of vectors. Either (37) or (38) 
alone gives the complete set of Maxwell equations when we take into 


mn 


mn 


mn 


are curls of vectors. 


account respectively the facts that ¢,,,,, and # 

There is no room, physically, for two electromagnetic fields and 
we could, therefore, have no use for a ¥,,,, that bore no relation at 
all to ¢,,,. The identification of ¢,,,, with ¥,,,, would have removed 
the unwanted freedom, but the present identification of y¥,,,, with the 
dual of ¢,,,, has accomplished the same result, not only with greater 
mathematical elegance, but also with increased physical significance. 


mn 














A GENERALIZATION OF THE EINSTEIN-MAYER 
FIELD THEORY 


By B. HOFFMANN (Princeton) 
[Received 16 July 1935] 


I 

1. Introduction 

In the previous paper* a generalization of the Kaluza-Klein field 
theory was proposed in order that the motion of test particles having 
magnetic properties could be treated in the same manner as one 
treats the motion of test particles having electrical properties. The 
generalization determined by the physical argument turned out to 
involve a six-dimensional geometry, and, though this seemed to bear 
some relation to the conformal geometry of four dimensions, no 
explicit relationship was found. Since the introduction of dimen- 
sions to which no physical significance has been assigned is open to 
objection, I discuss in the present paper a four-dimensional theory 
constructed in analogy with the theory of Einstein and Mayer,t 
which contains all the results of the six-dimensional theory, and is, 
in fact, intimately related to that theory through a non-holonomic 
transformation. 

In the first part I shall develop the four-dimensional theory in 
the manner of the theory of Einstein and Mayer, and later I shall 
show the relation between the two theories. The present generaliza- 
tion of the Einstein-Mayer theory not only retains all the advantages 
of the generalization given in the previous paper, while remaining 
four-dimensional, but it also finds a natural place for the awkward 
set of field equations, E.M. (47), of the Einstein-Mayer theory. The 
form of the present work, however, seems more remote from the 
conformal geometry than that of the work of the previous paper. 


2. Four-Dimensional and Six-Dimensional Vectors 

Since the method of the present paper follows closely that of the 
Einstein-Mayer paper, I shall omit many details that would be 
necessary for a complete exposition of the subject. 

* Quoted as G.K.K. 

+ Einstein and Mayer, Sitzungsb. der Preussischen Ak. (Berlin) 25 (1931), 
541, quoted as E.M. 
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With every point (x”) of the underlying space-time R, is associated 
a linear six-dimensional vector space V, having a symmetric metrical 
tensor* x,,. The metric of the underlying space is given by the 
tensor g,,,. Suffixes of vectors in V, are raised and lowered by means 
of x), in R, by means of g,,,,. Indices of mixed tensors are raised and 
lowered by means of the x), and the g,,,, according as they belong 
respectively to V, or to R,. Tensors in VY and R, are associated through 
a mixed tensor yf by means of formulae such as 

ak = yal, (1) 

b= Vox, (2) 
and indices of vk are, in accordance with the general rule, raised and 
lowered by means of the x), and the g,,,, respectively, according as 
the index in question belongs to V, or to R,. 

We assume that the rank of the matrix ||| is four. Then, if 
v, is an arbitrary vector of R,, the vector y\v, spans a four-dimen- 
sional sub-space of V,. The two-dimensional normal sub-space S, will 
be spanned by two mutually perpendicular unit vectors, say A 
and B’, Since A’ is perpendicular to any yX v,, where v,, is a vector 
of space-time, we must have 

Ak v, = 0, 
for all v,. Hence we must have 
Ary = 0. (3) 
Similarly, Bk = 0. (4) 
Since A’ and BA have been taken as orthogonal, we shall have 
A*B) = 0, (5) 
and, since the two vectors are unit vectors, we may take 


AVA, = xy, A*A¥ = 1, (6) 


BB, = x, BABY = —1. (7) 


The relations (5), (6), (7) help to determine the metric x), in terms 
of A, and B). The negative sign in (7) implies that the metric x, 
has the signature —2 instead of zero; its ultimate effect is to intro- 
duce the necessary negative sign before the third parenthesis of the 


field equations (40). 
We now compute the quantity 
a= yh. (8) 
* We use the same conventions for suffixes as in G.K.K., § 2. 


3695-7 D 
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Multiplying by 7A, we find 
74(3K— =f) = 0. 
Hence, by (3) and (4), we must have 
i at = C+A,+ DB, (9) 
where C¥ and Dr are vectors of %. 
From (8), on multiplying by A’, we obtain, using (3), 


AA re = 0. 
Similarly, BA Xe = 0. 
Therefore, multiplying (9) by A’ and using (5) and (6), we find that 
Ar = Cr. 
Similarly, Be = —D?. 
Thus, finally, VRS = Uh = S{—AXA)+ BYB). (10) 


Lowering the index p, we get 
Ipa VX Vu — kK\yyp—A, A, +B) B,, 
i.e. hy = Ipaq Vy Yt A Ay— By B,,. (11) 


3. Covariant Differentiation 
We introduce a connexion ye analogous to that of E.M. and 
employ it in the usual manner for taking covariant derivatives for 


each index belonging to V; for indices belonging to R, we use the 


ordinary Christoffel symbols ha formed from the g,,,. If we 


\mn} 


denote the covariant derivative of a tensor by means of a solidus, 
we have, for example, 

oyk 
oa™ 


n 
Yam aa +™., (pal? 


All the usual laws of covariant differentiation hold for the present 
type of covariant derivative. 


4. Determination of the IM, 


In order to find definite values for the . as yet quite general, 
we must consider properties of parallel displacement that we wish 


the geometry to possess. We impose the following requirements: 


(i) the absolute derivative of x), shall vanish: this is essential if 
we are to treat a’ and a) on an equal footing in parallel displacement; 
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(ii) if a vector a* undergoes parallel displacement, then the absolute 
differential of a4 = y,a* shall lie in S,; 

(iii) if, in particular, a* undergoes parallel displacement in its own 
direction, then the absolute differential of a‘ shall vanish. 
The above three conditions restrict the generality of the geometry; 
the fourth condition we shall impose is more in the nature of a con- 
vention. The vectors A’ and B’ are chosen at each point of space-time 
subject only to the requirements that they shall be unit and ortho- 
gonal, and these are really conventions concerning the metric x),. 
Since we have not yet related the A’s and B’s belonging to different 
points of space-time, we may make the convention that they shall 
form a double holonomic field under parallel displacement, which 
means that their orientations are always to be so chosen that the 
absolute differential of A” shall be perpendicular to B’ and vice 
versa.* This is our condition (iv). 

Condition (i) may be written 

Kulm = 9. (12) 

From condition (ii) we find that the quantity a*dz%y}), must lie in S,. 
We must therefore have 


Yh = —AAF + BH j,, (13) 


where F,,, and H,,, are arbitrary second order tensors belonging to R,. 
From condition (iii) we find that 


0 = yh, a*at = —(A’F,,— BH,,)a*a?. 
If we multiply by A) and use (5) and (6), we at once find that 
Figv*at = 0, 
whence Fug = —Fx- (14) 
Similarly, A, = —Hy. (15) 
From condition (iv) we want 
B Ay, = 9, AABYn = 0. (16) 


These conditions are equivalent to each other in view of (5) and (12). 
Also, from (6) and (12), and from (7) and (12), respectively, we find 


that A*Ajm = 0, BByin = 0. (17) 


* It is unnecessary to include that the absolute differentials of A* and B* 
shall also be respectively perpendicular to A’ and B’, since these follow at once 
from (6) and (7) in conjunction with condition (i) above. 
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From (13), using (5) and (6), we obtain 
Ay Yhig = —Fi 

and since A) } is zero, we may write this as 

Fg = yh Ayia: 
If we multiply this by y* and use (10), we find that 

Vb Fg = (8A— AA, + BB,) Any, 

and, by (16) and (17), this reduces to 

Ay, = i Fv (18) 
In a similar manner we may show that 

Bijq _— cd A, 
We have thus so determined the connexion r.. that the covariant 
derivatives of the fundamental quantities yk, A), B), are given by 
the equations (13), (18), (19), with the conditions (14), (15). A final 
will be imposed in the next section. 


viq 


(19) 


‘q* 


restriction on I“, 


5. Trajectories 
We make the condition that the trajectories of test bodies having 
mass, charge, and magnetic pole strength shall be given by those 
curves of space-time that are generated by the parallel displacement 
of a vector a’ of V, in the direction of its associated vector a’y¥ of R,. 
The computation is completely analogous to that of E.M. § 4. We 
may choose a parameter ¢ such that a* = yk a’ = dx*/dt. Then, since 
Sa is zero, we must have 
da* = yk), arandt, 
or, by (12), 
d*xk | k\dxP dat 
dt? ' \pqj dt dt 


We next show that Aa’ and B)a are constant along the curve. For 


, dx? 
dt © 


= —(A) F‘—B) H*)a (20) 


example, we have 
8(A) aA) Sa 
bt bt” 
the second term on the right vanishes because 5a’ is zero along the 
curve, and, from (18), the first term may be written as 


= A),,aa\+ A) 


—k Ff, a = —F,,, aPa*, 
which vanishes because of (14). Therefore Aa’ is constant along 
the curve. A similar proof holds for Ba’. 
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If we write (—e/m) for the constant A,a’, and (+ p/m) for the 
constant Ba’, we may now write (20) as 
dat, { k\ dar daa _ £ pe. tO 
dt? ‘ \pqj dt dt m ”dt 'm ” dt 
Since, along the curve, 5a’ is zero, we must also have Bly aa") zero. 
Thus Ku a\at will be constant, and, by (11), this may be written as 
dfdt ¢ 
—-+—.——. = constant, 
oat “at m2 
dx? dx 
Gade di 
So, if we define ds in the usual manner by 
ds* = g,,dx?dx4, 


(21) 


i.e. = constant. 


we have ds = constant, 
dt 
showing that, to within a numerical factor and an additive constant, 
the parameter ¢ is the same as the interval s. There will therefore 
be no loss of generality if we take ¢ to be the same as s, and in this 
case the curves (21) will take the form 
dk  (k\dx? dat € ,,dx” mw »,.dx” 
ce —— = — Pe —__ +45 He. 
ds? ' \pqj ds ds” m ” ds Tin? ds 
These will be the trajectories of test particles having mass m, electric 
charge «, and magnetic pole strength y, provided that the curve is 
in a time-like direction; that 
Hke — F*kp = ekprs Fr /2,/(—g), (23) 
apart from an unessential factor of proportionality; and that F*? 
and g* satisfy the field equations of Maxwell and Einstein. We 
shall therefore impose the condition (23) on F,, and H,.,,; the field 
equations of the present theory will show that F,,, and g,, satisfy 
the Maxwell-Einstein field equations. 


(22) 


6. Field Equations 
It can be shown, by the method of E.M. § 5, that the quantity 


hag = Se Ses eT TTY, (24) 


Apa Oy uP 7 


is a mixed tensor of the type indicated by its suffixes. It is the 
analogue, in the present geometry, of the usual curvature tensor. 
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We seek an explicit form for it. From (13), (18), (19), we find that 
YAklalp — YVAklpla = —A)(Fratp —Fiepiqg) + BA caip —Akpiq) — 
—Y5l (Freq Fn —Fiy F)— (Hig H.—Hy Ji: (25) 

from (18), using (13), we find that 

Anpiqg—Analp = VK Fepig—Fieaip) + By Fy Hi—F,, Hk); (26) 
and from (19) and (13) we find that 

Byipiq— Bralp — V(Aevlqg—Acaip) — Ax Hep Fi—H,, F®). (27) 
But the rules for changing the order of covariant differentiation 
applicable to the present geometry lead at once to the formulae 


YAklalp — YAklpla = — Pi Yuk Rhop Yr? (28) 
A)ipiqg—Anealp oo Phe Mays (29) 
Byipig— Bralp an Mee B,. (30) 


Thus, on comparing (25), (26), (27), respectively, with (28), (29), 
(30), we find that 
Ps Vuk = Ay(Fraip— pla) — By Aggip —Aepig) + 
+Yi[ (Fig F —F,, F, \— (Aq 7, —H,, Hf, \— Brgy); (31) 


rp kp~rq rp rq 
Ping 4, = —VK(Frpig—Feeaip) — Ba Fup Hi —F,,, H*), (32) 
pom B, — — (Holga —Aegip) + An Ap Fi —Hyq Fe}. (33) 


Multiplying (31) by y, and using (10), (32), (33), we obtain 
Fi. — Y*[ Ay Fraip —Freviq) — Ba Acaip — kvl) + 
+y*yAl (F; F.n—Fip F, )—(Z,, HH, — Fi, A, \— Reza |— 


kqa~rp kp~rq rq 
—A|Y(Frnlg—Ficatp) + By Fp Hi —Fi, H*)| + 
a BY Aeplg—A kaip) —A Ap Fi—H,, F*)]. (34) 


Contracting by means of 7/4, and using (3) and (4), we get 
%, = v4 Tine = —A) Foigt By At +yi(—FSF +H H,,+ Ry). 


p~rq 
(35) 
Contracting again, by means of 7”, we get 
P= YP, = —F4 F?+H2 He R. (36) 
We now form the tensor 
Uy, = BR dYvp(P+ Rk), (37) 
and, for field equations, write 
Uy, = 0. (38) 


In the Einstein-Mayer theory it was necessary to include an extra 
set of field equations, E.M. (47). In the present theory no such need 
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arises, since it turns out that the equivalent of E.M. (47) is already 
contained within the field equations (38). The value of the tensor U),, 
is easily found to be 

hp = Ay Poipt By Aig 
+Y5L(Ror—49 pr R)+ (9 Fos Ft ho pr Fi Fi)- 
— (GH, Hy +39 pr Hi H)). (39) 
Thus, on multiplying the field equations (38) by yA, A’, BA, respec- 
tively, we break them up into the three groups 
Ma Oy = (Rog—3W9pq B)+(G" Fins Fert 29 pq Fi Ft)— 
— ("Hy Hy +39 pq Ht Hi) = 0, (40) 
AU, = — Pos = 0, (41) 
BU), = —H%), = 0. (42) 
In view of (23), the two sets (41) and (42) are the complete set of 
Maxwell equations, containing, therefore, the equivalent of E.M. 
(47); and, as in G.K.K., the set (40) reduces to the form 
(Z,,.— 39 ng R)+2(g* Fy Fut 29 pq Fi Fi) = 0, (43) 
which is the usual set of stress-energy-momentum field equations of 


the general theory of relativity. 
Thus we have constructed a four-dimensional theory that includes 


the motion of test bodies having magnetic charge in addition to 
electric charge and inertial mass; our theory does not contradict the 
usual equations of the general theory of relativity, it provides a 
needed extension of the Einstein-Mayer theory, and it avoids the 
necessity of introducing extraneous field equations of the type of 
E.M. (47). 


Il 

7. Special Coordinates and Transformations 

Apart from the obvious similarities of the geometries of G.K.K. 
and this paper, there exist deeper relationships that I shall now 
discuss. The treatment will be similar to that used* in demonstrat- 
ing the connexion between the projective theory and the Einstein- 
Mayer field theory. 

In each J, there is one coordinate-system that has special simplicity, 
namely, that in which four of the coordinate axes coincide with the 

* Schouten and Van Danzig, Proc. Ak. Wetensch. Amsterdam, 34 (1931), 


1398; Veblen, ‘Projektive Relativitatstheorie’, Ergebn. der math. Wiss. (Berlin) 
(1933), Chap. 8; Hoffmann, Phys. Rev. 43 (1933), 615. 
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dx™ of the corresponding tangent space of space-time, while the other 
two axes lie respectively along A* and B’. Since transformations in 
the V,’s have no physical significance, no generality will be lost in 
taking these coordinate-systems as standard. In such a system 


r=, A=, B = &. (44) 
I shall show that quantities of this type, and obeying the same 
algebraic and differential rules, arise in G.K.K. 
To the coordinates of G.K.K. we apply the non-holonomic trans- 
formation given symbolically by 


am — Gm, gy — FO | bm dE", =e = FP4 | th, dE", (45) 


Then, by G.K.K. (16) and the law of transformation of «,, we find 
that the new components of the metric take the simple form 


Kmn = Imn> Koo = 1, Koo = —l, (46) 


all other components vanishing. 
It also follows that the non-zero components of «”” are given by 
hm — gn poo — ] Km? =— —] (47) 
> ’ . 
The connexion = transforms according to the law 


a -» 0x7 Oat OG = ap = aw 
Ki, = Ke, = wee ee (48) 
° OEM OL” OxP © OL”OLH OuuP 
and, since (45) is non-holonomic, this shows that its symmetry will 
not be preserved. Hence x. will not be merely the Christoffel 
symbols of the %,,, though the covariant derivative of x, will still 
vanish identically. From G.K.K. (18), the transformation law (48), 
and the transformation (45), we find that the non-zero components 
WA ; 
of Ki, are 
vl Sa a Fa 
K — | Bin “sie —dum nn — $n 


mm ~ \mn|’ 


ee no. 2 |: 
Kno cae Kom a Pm: Toei — | ae — m 


(49) 


where ie are the Christoffel symbols of the g,,,,,. 


\mn 


8. Algebraic Relations 
In the new reference system 
Ro = 8.0, Kw = Sao (50) 


So, if we keep %° and &® fixed, the quantities &), <,,. will behave as 
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vectors lying along #° and <*. We denote them respectively by A) 
and B), and shall relate them to the A) and B) already introduced in 
this paper. By (50) we see that 


Ming iyg = 1, Ro Kyo = —1 (51) 


RMR) Ryo = 0, i Ry = 0, Ak = 0 


i.e. 

A A=1, BB=—-1, 4 B=0, @A,=0, OB =0. 

(52) 

These relations show that A, and B) are orthogonal unit vectors 
perpendicular to space-time. The relations correspond respectively 
to the —— (6), (7), (5), (3), (4), of this paper, with @, playing the 
part of Ym The identification of <4, with yA, is in keeping with (44), 
since A, = 84; and, from (46), (47), it follows that the rules for 
raising andl ne suffixes of 74, are exactly the same as those 
applying to x. 

Again, we have 


= Ky REAR RORY RE 
Ce eA ROE) et OOH,» sett 
= KY Ry +A) A*— B) Be, 
so that Ry kh — §{—A) Av+ B, Be, (53) 


which is the same as (10). 
Thus the basic algebraic formulae of the first part of this paper 
have been duplicated in the present section. 


9. Differential Relations 
Since the covariant derivative of &,,, vanishes, 


ons 
“44 Ki, e—Ke, @ = 0. 


ox” on Ku 


For » = m, this gives, by (49), 
7 -, 8 a 
| + Kh, Kn ne — —$un Ad+binn B, 
which is the same* as (13). 


* Except that the F, 


»n and H,,,, were not yet the curls of vectors. 
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Similarly, from Rig 2 @, for v = n, » = 0, on the one hand, and 
for v = n, wp = ©, on the other, we obtain 


0A — 2 a 
|e Ein o| — Pi, Ks = Pen K)> (56) 


| Kin Bo] = Was = Yon th (57) 
which are the same* as (18) and (19). ; 

Thus both the algebraic and the differential fundamental relations 
obeyed by the A”, B’, x, of the second part of this paper are the same 
as those obeyed by the AA, BA, 7, of the first part. The structures of 
the two geometries are, then, identical. But the type of transforma- 
tion used to preserve this structure is different. In G.K.K. it is 
preserved by keeping 2° and x® unchanged, while in the generalized 
Einstein-Mayer theory it is preserved under quite general linear trans- 
formations by actually having the A) and B, transform as vectors. 

The field equations of the two theories differ in the numerical multi- 
pliers of the electromagnetic energy tensor, but this implies merely 
a difference in the physical units. Apart from this, and the difference _ 


in form, the field equations are physically equivalent. 


10. Significance of the Field Equations (41) and (42) 


As explained in G.K.K. § 4, there is a slight redundance in the 
scheme of G.K.K. in that ¢,,,, and y,,,, are initially defined as curls, 
while this can also be deduced from the field equations G.K.K. (37), 
(38), and the condition G.K.K. (7) with ¢,,,,, and ¥,,,, not yet assumed 
to be curls. Such redundance is absent from the generalized Einstein- 
Mayer theory. In this theory the quantities Me i. are not defined. 
If we define them so that 

Te _ om 5 a a M% ae iy — rm, = rr. = 
we obtain values for pe that are the same as those of x. except 
that F,,,, and H,,,, are not yet curls. But once it is decided from (41), 
(42), (23) that they are curls, it follows{ that there exists a non- 
holonomic transformation that reduces 8 to a symmetrical form 
that is identical with that of G.K.K. 


* Except that the F,,, and H,,,,, were not yet the curls of vectors. 

+ Compare the definition of five-dimensional accompanying spaces given 
by Veblen, l.c. 56. 

t Compare Hoffmann, Phys. Rev. 43 (1933), 615, § 6. The methods are so 


similar that we omit all details here. 











ON TARRY’S PROBLEM (II) 
By E. MAITLAND WRIGHT (Aberdeen) 
[Received 2 August 1935] 


HE notation used here is that of my former paper* with the same 
title; theorems and lemmas are numbered consecutively to those of 
that paper. We shall prove 


2(h: FS 2 
THEOREM 8. M(k) < —— + 56. 


This is an improvement of Theorem 3. The method requires a 
knowledge of a good upper bound for M(k) for certain small values 
of k; for this purpose we use the method of another paper.t 

We take j any positive integer and write 

[4y,..., 5], = [b,,..-, 5], (1) 
to denote that 
at+...ta?—bh+..40) (1<h<hk) 
ak. pak % beA+ 4 bF+, 
If 7 > M(k), there is a solution of (1), and, conversely, if there is a 
solution of (1), then 7 > M(k). 
We define the generating polynomial of any solution of (1) as 


y= % (6%—6). 


We write $8) =(0 ii) $,(8) 


Then it follows from (1) that ¢(1)=0 if 1<h<k, but that 
A\**Y(1) 4 0. Hence 


$y(0) = (0—1)***Y,(8), (1) AO 
where y,(8) is a polynomial with integral coefficients. 
Ifj, = M(k,), jg = M(k,) and if ¢, (6), ¢;,,(0) are the two generating 
polynomials of solutions of (1) for k = k,, 7 = j,, and k = ky, j = jg 
respectively, it is clear that 


$1,(9)bx,(8) = (O— 1), (Oy (8) 


* Quart. J. of Math. (Oxford), 6 (1935) 261-7. 
+ J. of London Math. Soc. 9 (1934), 267-72. 
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is the generating polynomial of a solution of (1) with k = k,+k,+1, 
J < yj. Hence we have 

LEMMA 7. M(k,+k,+1) < 2M(k,)M(k,). 

Tarry has observed that (1) implies that 

[a,,...,@;, b,+4d,...,b;+d],,, =— [a,+d (2) 

This corresponds to the multiplication of 4,(0) by 1—64. We have 
at once 

Lemna 8. M(k+1) < 2M(k). 

If a number occurs on both sides of the equation in (2) it may be 
struck out. Applying Tarry’s observation to the trivial 

[1,4], = [2,3], 
with d = 3, 5, 7, 4 in succession and striking out equal pairs of 
numbers at each stage, we find solutions of (1) for k = 2, 3, 4, 5 
with 7 = k+1. Dr. Eric Phillips has found a solution for k = 6 
with 7 = 7, namely 
[1, 19, 28, 59, 65, 90, 102], = [2, 14, 39, 45, 76, 85, 103], 
The result 
[1, 5, 10, 24, 28, 42, 47, 51], = [2, 3, 12, 21, 31, 40, 49, 50], 

is due to Tarry. Applying Tarry’s observation to this with d = 9, 
19, 17, 6 in succession we find solutions for k = 8, 9, 10, 11 with 


j = 10, 14, 14, 18 respectively. Hence we have 


LEMMA 9. 


M(k)<14 (l<k<10), M(1l)<18. 
> 


Lemma 10. Jfr >1,t>1, rt >k andj > N(rk), then 
{1, 2,...,k} +> {kh4+1,h+2,...,k+4. 
If {1, 2,...,k} > {k+1 
then by Lemmas 3 and 4 
{1, 2,..., rk} > {1, 2,..., r(k+4)}. 
Since r(k+t) > (r+1)k 


| 
{ 


1, 2,..., rk} — {1, 2,..., (r+ 1)k}. 
Hence, using Lemmas 3 and 4 again, we have 


{1, 2,..., rk} > {1, 2,..., (r+ 1)(k+2)}. 
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Since (r-+-1)(k+t) > (r+2)k, the process may be continued. Eventu- 
ally we obtain {1, 2,..., 7k} > {1, 2,...,j}. 
Hence, by Lemma 2, 7 < N(rk). 

Lema ll. Ifr >1,t >1 andrt > k, then for some 8 we have 

i= ae ¢ M(k+s—1) < N(rk). 

This is an immediate consequence of Lemma 10 and the definition 
of M(k). 

THEOREM 9. Ifr >1,¢ >1andrt > k, then 

M(k+t—1) < 2N(rk) max M (i). 


1<I<t-2 
If s = tin Lemma II, we have M(k+t—1) < N(rk). If s = t—1, 
by Lemma 8, 
M(k+t—1) < 2M(k+s—1) < 2N(rk). 
Ifl1<s < t—2, by Lemma 7, 
M(k+t—1) < 2M(k+s—1)M(i—s—1) 
< 2N(rk) max M(l). 


1<l<t—2 
We now put ¢ = 12. By Lemma 9 and Theorems | and 9, 
M(k+11) < 28N(rk) < 14{(rk)?+-4}. 
We can always choose r so that 
k < 129 <k+11. 


Hence we have 2/1. 2 
Mck+u) < 14/2 4+) 


+4). 
(1a * 
Changing our notation, we have for k > 11, 

(k2(k—11)? 4\ 
\ 144 " i 


The same is true for k < 11 by Lemma 9. 


M(k) < 14 








. ON CERTAIN INTEGRAL FUNCTIONS OF ORDER 
ONE 
By MARY L. CARTWRIGHT (Cambridge) 
[Received 11 September 1935] 


1. Introduction 


In a recent paper Miss Young* has considered integral functions 
of the form +0 
F(z) | et dg(t), (1.1) 
a—0 
where the integral isa Laplace-Stieltjes integral, and g(t) is a complex- 
valued function of the real variable ¢ with bounded variation in 
(a,b). Among other results Miss Youngy proved 
THEOREM 1. Jf F(z) is defined by (1.1), and if 
lim F(z)+ind) = 1 P 


no 


where 8 is real, and |5| < 2n/(b—a), then 
lim F(z)+7y8) = l. (1.3) 
Yorn 


The starting-point of this paper is a general theorem on integral 
functions of which this result is a special case. I shall consider integral 
functions of order 1 and type k < az for which | f(+-7)| (n= 1, 2,...) 
is bounded, and functions which behave in a similar manner in 
the angle |argz| < «a < 7. The series 


will also be discussed. 
I am indebted to Prof. J. M. Whittaker for suggestions which have 
enabled me to simplify the proofs of Theorems 2 and 3. 


2. Integral functions of order 1 and type k < z 
A simple transformation allows us to assume in (1.2) that z) = 0, 
5 > 0. Further we may suppose that b = —a = k. For 
k 
F(z) — eia+b)z [ eft dg,(t) a ela+beF (z), 
—k 
* R. C. Young, Math. Zeits. 40 (1935), 292-311. 
+ Loe. cit. 305, Theorem 3b. 
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where € = }(b—a)z/k, g,(t) = g(4(a+b)+4(b—a)t/k); and there is no 
real loss of generality in considering F,(z) in place of F(z). It is easy 
to show that F,(re!®) = O(ekricos6y, 

Now, writing iz in place of z, we see that (1.3) is a particular case of 
Theorem 3 below. 


THEOREM 2. Suppose that f(z) is an integral function, such that 


in SAO) be. (2.1) 


ro Tr 


and if(tn)|<A (n=1,2....). (2.2) 
Then \f(z)| << KA (K = K(k)) (2.3) 
for all real x. 
THEOREM 3. If f(z) satisfies the hypotheses of Theorem 2, and also 
lim f(n) = 1 (n = 1,2...) (2.4) 


then lim f(z) =1 (x > 0). (2.5) 


It is well known* that (2.1) and (2.3) imply 
f(re®) = O(errisin#?') (OS k <7), (2.6) 


uniformly for all @. 


3. The interpolation function 
These two theorems are deduced from Tschakaloff’s interpolation 
formula, viz. 


THEOREM 4. If f(z) satisfies the hypotheses of Theorem 2, then 


a en 
fle) = a +f O+ Dn fin +3} an 


where >’ denotes that the term n = 0 is to be omitted. 
The series (3.1) is absolutely convergent, and is similar to the 
cardinal function of interpolation.t In fact under the conditions 


stated ; 2 
fle) -_ SIN 72 ae x (—1p 20), (3.2) 


7 


* See G. Pélya and G. Szegé, Aufgaben und Lehrsiitze, 1 (1925), 147, No. 325. 

+ L. Tschakaloff, Jahresb. der Deutschen Math. Ver. 43 (1934) 12, Zweite 
Lésung der Aufgabe 105. Tschakaloff proved (3.1) under a more stringent con- 
dition than (2.1), but his proof can easily be adapted to the more general case. 

t See J. M. Whittaker, Proc. Edinburgh Math. Soc. (2) 1 (1928), 41-6, 
Theorems 1 and 3. 








48 MARY L. CARTWRIGHT 


which is the cardinal function. This follows from 
THEOREM 5. If f(z) satisfies the hypotheses of Theorem 2 then 


. eu f(n) 
0 —1)" = @, 3.3 
f( + D | Pa (3.3) 
This is easily proved by considering* 
fe) dz 
zsin 72 
taken round the circle |z| = N+}, where N is an integer. Since (2.6) 


holds, the integral round the circle tends to 0 as N + oo, and the 
series on the left of (3.3) is the sum of the residues. 


4. Proof of Theorem 2 
Let p be an integer greater than z/(7—k). Then f(z)sin(zz/p) 
satisfies the hypotheses of Theorem 4, and we have 


fz) = a [re )+ > (—1)"f(n )sin | : +51 


m sin(7z/p) Pp \z—n 
Let m be an integer, and write 


8(z,p) = 


sin 77 

a sin(22z/p) 

Then 

f(z) = (mp) 

8(z,p) 8(mp,p) 

(“" 1)p mp—1 (m+1)p 9 n 

\(=1)"(mp—2)f(n) 

=> + ps + 2. 7 > | (z—n)(mp—n) 


(m—-1)p+1 mpt1  (m+i)pt+1 
= §,+8,+8,+8,. 

If z = x+ty, y = +1, (m—})p < x < (m+4)p, we have in 8, 

| mp—z (1+ p?)# ; 

\(-—n)(mp—n) ~~ {(m—4)p—n}(mp—n)’ 
and if —l<y< 1,2 = (m+}4)p, the « same result holds. Hence on 
the boundary of the rectangle —1 < y < 1, (m—})p < x < (m+4)p, 
we have 





|S; | 


In S, and 8S, we have, for n ~¢ mp, 
mp—z 
—n)(mp—n) 


* Compare § 9. 


< (1+ p?)! < 2p. 
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on the boundary of the rectangle; and in S, 
mp—z (1+ p?)? 
ee eareieens o> 
(z—n)(mp—n) {n—(m--})p}(n—mp) 
Hence on the boundary of the rectangle 


|Se] << 2p2A,  |Sg| < 2p?A, 


: — 1 
|S,| < 2A >> = = 47°Ap; 
“4! = 7 - n2 37 7 


and so, on the boundary of the rectangle, 
| f(z) - | f(mp) | is fea |S,| ! S,/+|S,| 
s(z,p)| < las P)| ; | 
< K,A, 
where K, depends on p but not on m. It is easy to see that for 


1IT 14 


1<y< 1 we have 
s(z,p)| < K, = K,(p); 
and so \f(z)| < K,A = K,(p)A 
on the boundary of the rectangle. Since f(z) is regular inside the 
rectangle, it follows that the result holds inside the rectangle; and, 
since p depends only on k, we have the required result. 


5. Proof of Theorem 3 
We suppose, as we obviously may, that / = 0. Then, given any 
positive «,, we can choose N, so that |f(n)| < ¢,, for n > No, and the 
results of the last paragraph for S,, S;, 8, give 
|S3|+|S3|+ |Sq] < €, Ky p’, 
where K, is independent of z, m, p, on the boundary of the rectangles 
L<y<l1,(m—})p < x < (m+4)p, (m—1)p > N. We also have 


a sl * Pe \f(n)| 
81 < (4 w+ 2a, Hem Dp—n\ mp 


00 (m—1)p—N, 


< 2Ap > —.f. Je, 9 > =< 6 
vi + €1} ne Ee 





(m—1)p—N, 
on the boundary of the rectangle for every positive «,, provided that 
e, is sufficiently small and (m—1)p—N, sufficiently large. Hence 
F(2)_|.— | f(mp) 
—-| & +<«,K 
8(z, p) s(mp, p) 
and, since |f(mp)| > 0 as m + 00, we have 
If2)/s@,p)| <€ 
E 


rap? te; 








50 MARY L. CARTWRIGHT 


on the boundary of the rectangle 

—l<y<l, (m—})p<2x< (m+})p 
for every positive «, provided that m >m,(e,p). It follows as 
before that fle) < €K; 


where K, depends on p, for —1 < y <1, (m—})p <u < (m+4)p, 
provided that m > m,(e, p); and this includes the required result. 


6. Functions regular in an angle 

These results can all be extended to functions regular in an angle 
less than 7. We cannot of course obtain an exact expression such as 
(3.1) for the function, but we obtain an approximate expression which 
answers our purpose very nearly as well. 

THEOREM 6. Suppose that 

(i) f(z) is regular for jargz| <a < 7; 
(ii) |f(n)| <A (n= 1,2....); 
(iii) [f(re*)| << Ber tan aces? for |9| < a. 


= 


Then for |0| < «, we have 
|f (re) —d(re*®) | — K, log ry em sin 6 


where $(z) = = S am OTTO) fae 


7 
n=1 


and K, depends on A, B, « only. 
Condition (iii) may be replaced by 
\f(re+*) | < Be sin a 
and |f(re*?)| < e!7/~ (|| < «) for every positive « and every r greater 
than 7,(e). For by a theorem of Phragmén and Lindeléf* these two 
conditions imply (iii). 
THEOREM 7. If f(z) satisfies the hypotheses of Theorem 6, 
\f(re®) | <<, log r em sin 0. 
where K, = K,(A, B,«), for |0| < «. 
THEOREM 8. If f(z) satisfies the hypotheses of Theorem 6, and if 
N 
S 1) <¢, 
S n | 
then \f(re*)—¢d(re)| < Kge7sin?, 
where K, = K,(A, B, C,«), for |0| < a. 
* See G. Pélya and G. Szegé, Aufgaben und Lehrsdtze, 1 (1925), 325. 


‘ 
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THEOREM 9. If (i) and (ii) of Theorem 6 hold, and 
(iii)’ If(re®®)| < Bekr tan a cos 9 


where k < 7, for |0| < «, then 
=, awh) 
jn"! 
Bs p— 


_ THEOREM 10. If the hypotheses of Theorem 9 hold, then 
\f(x)| < K, = K,{A, B, a, k) 


1s convergent. 


forx > 0. 

Theorems 6, 7, 8, 9 are essential to the proof of 10, and it is evident 
that Theorem 2 with the constant slightly modified can be deduced 
from Theorem 10. These theorems have refinements corresponding 
to Theorem 3, and similar theorems can be obtained if we replace the 


hypothesis (ii) by \f(a,,)| < Axb(n) 
n/ | E 


where 0 < |a,| < |a,| < ... < |a,| 00, jarga, | < a, and f(n) isa 
positive monotonic function tending to 0 or co. Rather stringent con- 
ditions must be laid on the sequence a, as regards the regularity of 
distribution as well as the thickness of distribution in order to obtain 
significant results. A theorem of this nature has been proved by 
V. Bernstein.* 

Putting z = w? in Theorems 6-10 we obtain results for a function 
F(w) which is of order p in the angle |jargw| < a/p < /p, and the 
hypothesis (ii) becomes | F(n¥/?)| < A. J. M. Whittaker} has proved 
a theorem, similar in some respects to Theorem 10, for functions of 
order 2 which are bounded at the lattice points w = m+nt, m and 
n being integers; and it has been shown{ that integral functions of 
order 2 and minimum type which are bounded at the lattice points 
reduce to a constant. 

A very general theorem of this kind for functions regular in the 
unit circle has been proved by J. M. Whittaker.§ 


* V. Bernstein, Legons sur les séries de Dirichlet (Paris, 1933), 230. 

+ J. M. Whittaker, Proc. London Math. Soc. (2) 37 (1934), 383-401, 
Theorem 4. 

t See J. M. Whittaker, loc. cit. 397-9, and G. Pélya, Jahresb. der Deutschen 
Math. Ver. 43 (1933), 67-9. Bemerkungen zu der Lésung der Aufgabe 105. 


§ See J. M. Whittaker, Interpolatory Function Theory (Cambridge Math. 


Tracts No. 33), 57. 
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7. Properties of the interpolation function 

We require certain lemmas about the function 4(z) 

Lemma 1. Jf (z) is defined by (6.1), and if (ii) of Theorem 6 holds, 
then o(n) = f(n), and 

d(re®)| < Ky) Ae*" 8 log r (0 < |0| < 4n). (7.1) 

If, in addition, (6.2) holds, then 
)| < Ky,(A+C)e sin? 
where ie a i; 

Proof. It is easy to see that 4(n) = f(n). Let z = re”, 

N-—-t<r< N44, 


if 


where JN is an integer, and write 
: ] ] 
S (—1yyiny{ 43) 
— \z -N To 


r S (—1)" J{n) 
» 


S,+5,+8s. 
> n—(N+4)cos 6 > n—(N-+4), and so 


o 


< 1 l 
2A N ——_—. < 4A N —s 
Ps 2, a 


2N 
|S,| < 2A log N. 
- dn, then |z—n| > (N—4)sin64, and so 
2AN _ 8A 
Sy = ~ = ~ —- f - =~ ¢ 
(N—4)sind ~ sind 
Combining (7.4), (7.5), (7.6) with (7.3), we have (7.1) for 8 < |@| < 4” 
with K,, which depends on 6. Also, using (6.2) in place of (7.5), we 
have (7.2). 
Taking 5 = 37, we have (7.1) with an absolute constant K,, for 
Now suppose that 0 < |@| < 4m, and let 
N,—4 < reosé < N,+4, 
where N, is an integer. Then 
N <r+3< 2rcos}a 
and iSwmM 
z—n| > Ni—n 


> n—N, 
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Hence 
1 


|S; | <A 


; |jz—n| 


Ni-1 2N 
<4|> y+ P3 ee 
\ —~ Nj—n ar” iz—N,|) 
4A log N,+A/|z—,| 
4A log N+43A (7.7) 
except in the square Nj—} <2 <N,+4,-—4<y¥<} (2 =2+4). 
[t follows that (7.1) holds for 0 < |@| < im, except in the squares 


n—k<auxacnt+h, —b<y<} (n=1,2.,...). Since d(z) is regular 


in these squares, the complete result illows from the maximum- 
modulus principle. 
8. Proofs of Theorems 6, 7, and 8 


Consider the function 


O(z) = 


io sin 72 
Since 4(n) = f(n), ®(z) is regular for |argz| < «, |z| > 1; and by the 
lemma and condition (iii) we have 
|D(re***)| << Ky, = K,,(A, B, x) 
|P(re®)| — K,,e77tana 


for 0} <<a, r=n+} (n= 1,2,...). Hence by a theorem due to 


Phragmeén and Lindeléf 
\O(re®)| < Ky, (|0| <a;r > 1). (8.1) 


and Theorem 6 follows at once. Theorem 7 follows from Theorem 
6 and (7.1). 


Theorem 8 follows from (7.2) in a similar manner if we consider 
®,(z) = {f(z)—¢(z)}cosec zz 
in place of ®(z). 
9. Proof of Theorem 9 
[t follows from Theorem 7 that 
lf(x)| < K,logx (x > 0). 
and by (iii)’ we have 


if(re®)| < Bekrtanacosé (|0| < a). 














54 MARY L. CARTWRIGHT 


Hence, applying the theorem of Phragmén and Lindeléf to 
f(z)e**#/log z 


in the angles —a <argz<0,0< argz<a 
we have flre®)| < K,qlog resin? ({0| < a). 
Now consider the integral 
_ 1 f¢ flz)dz 
l= — : 
. em J 2S8INn7z 
taken round the sector |argz| < a, } < |z| < N+4, where N is an 
integer. By the residue theorem 
N 
“ n 
a (9.8) 
- n 


and the integral taken along argz = +a converges as N > oo in 
virtue of (9.2). Also 


F f{(N+-4)e} do 
J sin{a(N + $)e%} 


04 


< Kyglogi +4) | &f-reveomnd dg 








0 
% (k—m)2 2 iN +0 
< K,,log(N+4) | € dé 
0 
K,;7 log( N+?) . 


 Q(n—k\(N+4) 
as N + oo. Hence the series in (9.3) converges as N > oo. 
10. Proof of Theorem 10 


Choose an integer p greater than 7/(7—k) and apply Theorem 9 
to f(z)sin(7z/p). We find that 


> (— 1-50) in ™ 
n p 
is convergent; and so, by Theorem 8, 
\f(re®)—d,,(re)| < K,e7"*"9|cosec(zre'/p)|, 


; _ ‘a 
there 019) sin 7: (—1) nf mn { =a 
wher $,(re’) oe ) >, ( )sin : meri ge 
for |@| <a 
Let z = x+iy. Then on the boundary of the rectangle 
(m—4)p < x < (m+4)p, —-l<y<l, 


where m is an integer, cosec(7z/p) is bounded, and so by the 
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maximum-modulus principle |f(z)—¢,(z)| is bounded inside the rect- 
angle. Since |f(mp)| is bounded, |¢,,(mp)| is bounded as moo. In 
the rectangle 


(m—3)p << x<(m+h)p, —-l<y<l, 
we have 


S(2)—$,(2)—f(mp)—4,(mp)| < |f(2)—¢,(z)|+ |fmp)—¢,(mp)| 
< Ky. 
H > 
ene’ |f@| < Kre+ Iflemp)|+ |b ,(2)—4,(mp)| 
< Ky7+ |bp(z)—$p(mp)|. 
The proof of Theorem 2 shows that |¢,,(z)—¢,(mp)| < Ky,; and so we 
have the required result. 
11. The series > (—1)"f(n)n-* 
It may be observed that the method of § 9 applied to 


[ f(2) dz 


z§sin 7z 


shows that, under the hypotheses of Theorem 9, 
N 


> 


1 
is convergent for s > 0, and 


N 
> (—1ye) a O(N-*) 
; n 


fors < 0. 








THE NUMBER OF REPRESENTATIONS OF A 
NUMBER AS A SUM OF x NON-NEGATIVE 
nTH POWERS 

By 8. CHOWLA (Waltair, India) and 


8S. S. PILLAI (Annamalainagar, India) 


[Received 21 October 1935] 


1. Let r,,,() denote the number of representations of V as a sum of 
8 non-negative nth powers. 


Hardy and Littlewood conjectured that 
for fixed n (> 3), 


Tn.n(V) = O(N‘) for any positive « 
We shall prove the following result in the opposite direction 
THEOREM*. For sa n (> 5) 


(1) 


we have 
Tn rn(V) = Q(loglog V) 
i.e. there is a positive number c,, depending only on n, such that 
Tn,n(N) > c,loglog N, 
is true for infinitely many N. 
2. In the sequel we shall denote by Cg, cs, . . ., C9, positive constants 
depending only on n. 


Notation. Let p be a primitive gth root of unity, 


eons ae <.. 


=S oe [(a,q) = 1], 


1 


a 
~ y \o. —27i-N 
Aq) =q-* > (S,)*e "> 
p 


S(N3n;8) = > Aq@) = Tx» (°>5), 


q=1 
where x, = 1+A(p)+A(p?)+.. 
denotes the rth prime. 
problem. 


. and p runs through all primes; p 
S(N;n;8) is the singular series in Waring’s 
See Landau, Vorlesungen iiber Zahlentheorie, Band 1, 281-— 
302, where the first four of the following lemmas are proved 
Lemma l. (i) S,=p? =p; pln; 2<1 <n); 

(ii) |S,|<(m—1)vp  (¢= p); 

oe ee ee 

(iii) S, = p"*S," (q= p'; l>n). 
(Clearly p”” is a primitive p'—"th root of unity.) 


* For n = 5 Chowla has previously proved a sharper result 
by Sastry in J. of London Math. Soc. 9 (1934), 242-6. 


. See the paper 
the theorem of this paper see Proc. Indian 


For a weaker form of 
Ac. Se. (A), 2 (1935), 397-401. 
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We shall use p®||m to denote that p®|m but p®+1/m. Then we have 
Lemma 2. If (i) p8"+*||N where B > 0,n > o > 0, and (ii) p®|\n, and 
6+1 (p > 2), or y= 042 (p= 2), then A(p')=0 for 1>1, 
where l, = max(fn+o+1, Bn+y). 
LEMMA 3. 1+A(p)+...+A(p') = p-*-Y'M(p!, N) where M(p', N) is 
the number of solutions of > h”, = N (mod p’) and 0 < h,, < pi’. 


mss 
Lemma 4. For s = n+1 (n > 4) there exists a number cz, such that 
Xp >1—p* forpodc 
3. Lemma 5. Let n > 5 and N = p® (mod p2") so that p?\|N. Then 
there exists a number c, such that, for s = n+-1, r > Cs, 
re 
itota <i. 
P} 
Proof. First of all we find c, so large that (p,,n) = 1 for all r not 
less than c,. For such r, since p”||N, Lemma 2 shows that 
Xp, = 1+A(p,)-+... + A(pt*?). (2) 
By Lemma 1 (i), for s = n+1, 
A(p*") a pm-n-1__pm-n-2 c= < . (3) 
By Lemma 1 (ii), for s = n+1, 
‘be 5 pint Dp, Ce 


mal 5 (n2d 
Pr Pr 


|A(p,)| 


$y Lemma 1, (iii) and (ii), for s = n+1, 


n—}\n+1,)"+1 
|A(prt)| — C_( pr ) Pr ae C7 _8 
3 r Bit: gn+i(n+1 ~~ anat(n+1) m2 
lectin pr "* Pr 


From (2), (3), (4), (5) we immediately obtain Lemma 5 
Lema 6, Forr < c3 (of Lemma 5) let p®\|n. Let Y = 2%+%p§:+1,, p9mtt 
where m = [es]. Then for all N = 1 (mod Y), ands = n+1, 
IT x, > Cy. 
Proof. By Lemmas 2 and 3, if s = n+1, N = 1 (mod Y), 
Xa = 1+A(2)+... +A (2M) = 2G (246,N), (6) 
Xp, = 1+A(p,)+...+A(p?+) 
= 2-041 Yi (p21, N) (2<r<_m). (7) 
But, since V = 1 (mod 24+2p%:+1,..p §m+1), we have 
M(2%+2,N) > 1, M(p?!:N) >1 (2<r<m). (8) 
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From (6), (7), (8) we obtain Lemma 6 since 6, (r < m) depends only 
on n. 
e-0 
LEMMA 7. 


where C is Euler’s constant. 
The proof is well known. 
Lemna 8. Tl (12) > clogz, 
PX P 
where c is an absolute positive constant. 

Proof. Lemma 7. 

Let z= C,logz, (9) 
where later we make x > 00 and ¢,, will be subjected to certain restric- 
tions. It follows from Lemma 5 that, if N = p™ (mod p?2”) for 
Cs <r < Zz, then 


TI Xp, > Cu log(zlogz) > c, loglog z, (10) 


C31 S% 


by Lemma 8. Now let us take z > c, (of Lemma 4). Then* 


S(N; nN; n+ 1) = II Xp, II Xv, ial Xp, 
TC3 C3<7<K2 r>2 


> C9(¢;,loglogx)c,, by Lemma 6, (10), and Lemma 4 
> C4 loglog 2, (11) 
where N is subject to the restrictions 
N = 1 (mod 291+278241,199m+t) 
where m = [c;| and the 0’s depend only on n, and 
N = pp (modp2") (¢s<r< 2). 
Now, from (9), for z > ¢jp, 


ann <— 90,+2 II {port} TI {p2”} < 3nero, 
2<r<sm C35 7S 


Hence, if Sec. < 1, 
the number of N’s satisfying (12), (13) and 
l<N <z@, (16) 
is greater than c,;x1-4"¢w, 


* Here €,;, Cy25 Cy3» Cig Will depend on our choice of C49; Cy itself is subject 
to (15) and (17). 
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Again, we have from Theorem 5 of P.N. VI of Hardy and Little- 
wood* 


Lemma 9. There exists a positive number c,,, depending only on n, 

such that, if (1) ts true, then 
1 (4 
Triin(V) = ES(N;n;n+1)N"+ ol") 

(where E is positive and depends only on n) is false for at most 21°» 
values of N < x. 

Let us choose Cy) in (9) so that (15) is true and 

ANCyy < Cy. (17) 

Hence the number of solutions (in ) of (12), (13), (16) is greater 


than 
Cis gi—eist 8 


where, by (17), 5 = ¢yg—4ncy) > 0. Since x > N it now followst 
from (11) and Lemma 9 that 

Lemma 10. There exists a positive number c,,, depending only on n, 
such that, if (1) is true, then 
1 

Tnstn(V) > ¢,,(loglog N)N", 

is true for infinitely many N. 

From Lemma 10 it follows immediately that 


Lemma 11. Jf (1) is true, there exists a positive number c,., depending 
only on n, such that 


Tn, n(V) > Cg loglog NV 
is true for infinitely many N. 
If possible, let Tnn(V) = o(loglog NV), (18) 
then, obviously, (1) is true, and hence by Lemma 11, 
Tn,n(N) > ¢ygloglog N for infinitely many N. (19) 
But (19) contradicts (18). Hence (18) is false and our theorem is 


proved. 
* Math. Zeits. 23 (1925), 1-37. 
t Since ¢,,2'~%*8*® > 2!“ for x > a(n). 








. ON SKEW POLYGONS WHOSE SIDES ARE, 


ALTERNATELY, GENERATORS OF TWO 
QUADRIC SURFACES 


By A. L. DIXON (Ozford) 
[Received 22 October 1935] 


Two triads of points A BC, A’ B’C’ , each triad taken in a definite cyclic 
order, determine three skew hexagons AC’ BA'CB’, AA’BB'CC’, 
AB’ BC'CA’; three quadrics through the alternate sides of the hexa- 
gons; and three Schur quadrics with regard to which the opposite 
sides of the hexagons are polar lines. 

The geometry of this figure has received some attention, chiefly 
because a skew hexagon is half of a Schlafli double six. 

In this paper I make use of the elliptic coordinates of a point on 
a quadric surface to investigate the geometry of a skew hexagon and 
its associated quadrics, and also consider the more general case of 
a skew polygon of 4n+2 sides whose alternate sides are generators 
of two quadrics of a pencil. 

The principal results are given in § 6. In § 7-11 I consider the 
invariant relations between some of the associated quadrics, and find, 
explicitly, the invariant relation for a skew decagon which corre- 
sponds to @@’ = 4AA’ for a skew hexagon. The addition-formula for 
the elliptic functions on which this section depends is curious. 


1. The investigation begins with the following formula in elliptic 


functions: 
dn A dn Bdn Cdn D—k*? en A cn BenConD + 
+k2k’2sn Asn Bsn Csn D—k’? 
sn?4(4+ B)—sn?4(C+D)  sn?4(A—B)—sn?}(C—D) 
1—k’sn24(A + B)sn*4(A— B) 1—k*sn*4(C+D)sn?2h(C—D) 
(I) 


= heh’? 


If the left-hand side of (I) vanishes, we have, therefore, either 
A+B= C+D, A+C = B+D, A+D= B+0C, 
or A+B+C+D= 0. 
If we put C = A, D = B, we get 
dn?A dn? B—kcen?A cn? B+k*k’*sn?A sn? B = k’?, (II) 
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Taking any quadric surface ax?+-by?+-cz? = 1, it is obvious from 
(II) that we may write 
ava = ksn(u+U)sn(v+V), k’iyvb = ken(u+U)en(v+V), 
k’zve = dn(u+U)dn(v+V); 
and treat u, v as the coordinates of a point on the quadric,* U, V 
being constants. 

On writing down the equation of the tangent plane to the quadric 
at the point (w’,v’) and the condition that (u,v) should lie on it, we 
see from (I) that the equations of the two systems of generators on 
the quadric are 


u—v = constant, u+v = constant. 


2. I consider a pencil of hyperboloids of one sheet which have 
a common curve of intersection. I take all the hyperboloids to have 
the coordinate planes as principal planes, I suppose them to meet 
the plane z = 0 in a series of ellipses no two of which intersect, and 
[ also suppose that no two of the asymptotic cones of the hyper- 
boloids have any common generator. 

These conditions, which have all the appearance of defining a 
special kind of pencil, do not, in fact, affect the generality of the 
pencil, when it is transformed by an arbitrary projection. 

For suppose that one of the general hyperboloids has the equation 


> 


Ly? — z24w?, whilst another has one of the equations 


(i) ax?+by? = cz*+du*, (ii) ax?—by? = cz*—dw’, 


a, b, c, d being taken positive. Then the curve of intersection will 
always meet two and only two of the planes x = 0, y = 0, z = 0, 
Ww Q, 

In case (i), the curve of intersection meets w = 0 in 

2?/(b—c) = y?/(c—a) = z?/(b—a), 

so that 

if w = 0 meet the curve, a—b, a—c, c—b have the same sign; 

if z = 0 meet the curve, a—b, a—d, d—b have the same sign; 

if « = 0 meet the curve, d—c, d—b, b—c have the same sign; 

if y = 0 meet the curve, d—c, d—a, a—c, have the same sign. 

* To be of use, the curvilinear coordinates must be distinct and separable, 


like the (#, y) coordinates in plane geometry. With elliptic coordinates there 
are four possible categories, viz.: a, K’i+a, ai, K-+-ai. 
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Now we can arrange the order of the letters so that a > b, c >d, 
and a > c, so the possibilities area > b >c >d,ora >c>b>d. 
Ifa >b >c >d, the curve of intersection does not meet any of the 
four planes, but in this case 
aa? +-by?—cz*@—dw?—b(2?+-y?—z?—w?) 
= (a—b)x?+ (b—c)z?+-(b—d)w? > 0, 

so the surfaces do not intersect at all. Ifa >c > 6b >d, the curve of 
intersection meets x = 0 and w = 0, but not y = 0 orz = 0. 

In case (ii), by similar reasoning, after changing the sign of b and 
of d, we see that the curve of intersection cannot meet both w = 0 
and y = 0, or both z = 0 and x = 0, but will always meet one of 
each pair. 

I take x = pksnu, k'y = qkenu, k’z = +rdnu as the parametric 
equations of the curve of intersection, wherein uw is real and runs 
from 0 to 4K, so that z = 0 does not intersect the curve. 

Then the hyperboloids S(@) of the system are obtained by assigning 
different values to the parameter @ in the equations 
en(K+iK’+v) 
en(K+iK’+6)’ 


sn(K+7iK’ +v) 
sn(K+7K’+6)’ 


x = pksnu k’'y = qkenu 
dn(K+iKk’+v). 
dn(K+7iK’+6)’ 


k'z = rdnu 


wherein v is real and runs from —K to K, and @ is a real parameter 
which also may be taken to be between —K and K, as it is convenient 
not to restrict it further. The surfaces S(+@) are the same surface; 
a point (w,v) on the surface S(@) is the same as the point (uw, —v) on 
the surface S(—@). 

With this specification there is only one point with coordinates 
u, v on each surface S(@); the two separate parts of the curve of 
intersection, considered as lying on the surface S(@), are given by 
v= 6, v = —80, whilst v = 0 gives the section of the surface S(@) 
by the plane z = 0. The w-coordinate of a point on the curve of 
intersection is the same on whatever hyperboloid it is supposed 
to be. 

Then, denoting points on the curve of intersection by their 
u-coordinates (taking u,, U3, u;,... on one branch of the curve, and 
Us, U4, Ug,... On the other), let us consider the line joining u, to u,.;. 
This line will determine a hyperboloid 6 = 6, which contains it as a 
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generator, and since the equations of the generators are u--v = con- 
stant, we have 

either u,—u,,, = 20,, or U,—U,, = —26,, 
according to the system to which the generator belongs. 

We distinguish S(@) from S(—@) by the convention that S(@) shall 
represent the surface for which that part of the curve of intersection 
which lies above the principal plane z = 0 is given by v = 8. 

3. Consider now a skew hexagon AC’ BA’CB’ whose vertices lie 
on the curve of intersection of the two hyperboloids S(«) and S(—£),* 
which are determined by containing the three lines AC’, BA’, CB’, 
and the three C’B, A’C, B’A, respectively. A, B, C may be taken 
to lie on the upper part of the curve of intersection, and A’, B’, C’ 
on the lower. Denote the vertices A, C’, B, A’, C, B’ in this order by 
their u-coordinates u,, U2, Us, U4, Us, Ug- Then the equation of the 
line AC’ in S(a) is 

Uu—v = U,—a = Una, 
whilst that of A’C in S(—§8) is 
u—v = u4+f = u;—f. 
Therefore, in accordance with § 2, we shall have, multiples of 4K 
being neglected, 
2a = Uj —Uyg = Ug—Ug = Us— Ug, 
— 2B = Ug—Ug = Ug—Us = Ug—U, 
so that, on addition, 6(a—f) = 4K, or 6(a—f) = 8K, are the con- 
ditions that such a skew hexagon may be inscribed in the two 
quadrics S(«) and S(—f); and we see that, if one hexagon can be so 
inscribed, so can any number. 

This porism gives a proof of Schlafli’s theorem, since a double six 
is made up of two such skew hexagons inscribed in the same two 
quadrics, the systems to which the generators belong being different 
in the two hexagons. 


4. The Cartesian equation of the surface S(@) is 


x2 a ee — 
—.dn?9+-k’2= —k?k’*—sn*9 = k*cn?0. 
p @ rP 


In connexion with the surfaces S(«) through AC’, CB’, BA’, and 
S(—f) through C’ B, A’C, B’A, I consider also the surface 7'(«, —B), 


* It would have been more natural to write 8 for —f here; the negative 
sign is introduced for the sake of uniformity in later formulae. 
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the Schur quadric with regard to which the opposite sides of the 
hexagon, for example AC’ and A’C, are polar lines. If 8 = a+-3K 
the equation of 7'(a«, —) is 
© an vdn p—k’? — kek’? gn vsnB = k?enaenB, 
p ¢ 
but, if B = a-L-{K, the equation is 
“dn vdn p+ ke — 12427 snasnB = k®enaenf. 
p ¢ r 
We can verify that any point (x’, y’,2’), or (w’,v’), on AC’ is conjugate 
to any point (x”,y”,z”), or (w”,v”), on A’C, with respect to T'(a, —8), 
as follows. 
The equation of AC’ is u—v=—u,—a, and that of A’ 
u—v = u,+f, so that, since u,—u, = 4a—28, 
u’—v'’—u"+v" = u,—u—a—B = 3(a—f) = 2K or 4K 
according as 6(« ~B) = 4K or “x 
If 6 (a—f) = 4K, u’—v’—u"+v 2K, we substitute in formula 
(L) of § (1), 
A=vw«-—2K, B=*@, (+iK’+v', D= K+ikK-+v" 


and obtain 


‘ow ie ,_w 


dn vdn B—k’24 y _ p2y/27 


Fe ? 2 snasnf = k*cnasnf. 
5. If, with the same six vertices, we now consider the hexagon 
AC’CB' BA’, for which the order of the u-coordinates is u,, Uv, Us, 
Ug, Us, Uy, We have, multiples of 4A being rejected, 
2a = Uy— Uy = Us—Ug = Ug—Ug, 
— 484-20 = Us—U; = Ug—Ug = Uy—U,} 
so that taking BP = a—§K, y ‘K, the three lines AC’, BA’, 
CB’ lie on the hyperboloid @ = a, the three C’B, A’C, B’A on 
6 = B, and the three AA’, BB’, CC’ on @ = y. Also B—y = 3K 

We have therefore three hexagons with the same six vertices, and 
three Schur quadrics. These three Schur quadrics have a common 
curve of intersection.* But, in fact, more than this is true. 

The Schur quadrics of all skew hexagons whose vertices lie on the 
curve of intersection of a pencil of quadrics, and whose alternate sides 
are generators of two quadrics of the pencil, all have a common curve of 
intersection. 

* Baker, J. of London Math. Soc. 1 (1926), 179. 
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For, taking a—8 = 3K, the Schur quadric 7'(a, —) is 


2 af win ‘ 
——dnadn B—k’?= —k*k’"?—snasnB = k*enaecnB. 
2 2 2 
Pp q r 
Then, from the addition-formulae 
dn 2K dnadnS—k*en 3K enacnB = k” 
dn 3K—k*cn2K snasnf = dnadnf, 
we see that the Schur quadric passes through the curve of intersec- 
tion* of 
a 9 ye | Dig 9 " a ! 2 -s° 
k’?— = en§K—+dnéK, I = en?K—+dngkK-—. 
2 ‘ 2 2 2 
? Pp q r 
6. Skew polygons of 4n+2 sides, whose alternate sides are 
cenerators of two quadrics of a pencil 
Such polygons have properties similar to those of the hexagon. 
If one such polygon be given, then 
(i) with the same 4n+ 2 vertices, we may construct n(2n+1) such 
polygons; 
(ii) the relation between the parameters a, —f of the two quadrics 
of the pencil, which contain the alternate sides of the polygon, will be 


i) 4 ‘4 4 
a a 2K 4K , 4nK . 


| | 
a : oe : a ? 
2n+1° — 2n+1 2n+1 
(iii) each polygon will have a Schur quadric 7'(«, —f) with regard 
to which its opposite sides are polar lines; 
(iv) these Schur quadrics will be members of n pencils, and the 
common curve of intersection of the pencil corresponding to 
28K 4n+ 2—2s 
or 9 ———— 


2n+1 


K 


23K y? 28K 2? 


] = on 


' 


2n+-1 ¢ 2n+1 r?° 


wherein s is odd. 


7. The deduction, from an addition-formula for the elliptic func- 
tions, of the invariant relations between either of the quadrics 


* If we change 2K into 4K, we must change the signs of 2* and y*, and get 
the same result. 
3695-7 F 
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S(«), S(8), which pass through the sets of alternate sides of the 
polygon, and the Schur quadric 7'(«, —f), and also between certain 
pairs of Schur quadrics is interesting. The addition-formula itself 
also appears to be novel, We notice, to begin with, that, according 
as s is odd or even in (2n+1)(a—f) = 28K, the roots of the dis- 
criminant of S(«)—AT(«,—f), or of T'(a, —B)—AS(f), may be taken 


to be either 
dna —ena —sna 


dnp’ enB ’ snB ’ 
dna cna sna, 


’ dnp’ enf’ snp’ 





Ags Age Aor Ae = 1, 


or Az, Ag, Ag, Ag = 1 


and that these are also the roots of the discriminant of the two Schur 
quadrics, 7'(a,y), 7'(8,y), which are determined by «, y and f, y; 
or, in particular, of two Schur quadrics, for which the corresponding 
polygons have one set of alternate sides in common. 


8. I will first find the invariant condition for the hexagon, which is 
known to be @@’ = 4AA’, or 


a ne 
Orth bata) 2 +5 + +5) = 4, 


wherein A,, Ay, Az, A, are the roots of the discriminant of 


S(a«)—AT (a, —B). 
If 3a = 4K, sn?a = sn*}a = (1—ena)/(1+dna@) or 


(1+dna)(1-+ena) = 1, 
so that 
] 1 1 ] 


$+ = 0, b+ ae <a 
dnik ' eniK ~dngkK cngk 


Now consider 
fultn) = (14 9-4 2)(14 9-49 
de Co 8 d, ( & 
wherein s, = SN %,...,8 = SN Up,..., and u,—U, is constant and equal 
to a. 

It is obvious that f,(w,) is not altered, if u, and uw, are interchanged; 
and, further, if we add a quarter-period, K,iK’, K+iK’ to both u, 
and uw, we find that f,(u,) is not altered, the factors being reproduced, 
multiplied by numbers whose product is unity. 

The infinities of f,(u,) are at the quarter-periods (zeros and poles of 
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SN Uz, CN Uy, dN Uy, SN Uy, CN Uy, dn Ug), so it is sufficient to consider the 
residue at u, = 0, which is 


a l 
snaj1+ —- ‘ 
dna cena 
Thus, if a = 3K, the residue is zero, f,(u,) has no pole at u, = 0, and 
therefore no poles at all, and, by Liouville’s theorem, is a constant, 
which is easily found to be 4, by putting wu, = —w. 
Thus f,(u,) = 4, ie. 00’ = 4AQ’. 


9. A general addition-theorem 
[ take u,—u, = a, where, now, a has any fixed value, and write 
s, for snu,, 8 for snu,, s for sna, ete., etc., and consider the four 


functions 


d, &,8& d, Cy, & 
tee) = (3 — 92 8 Sa 
felt) ( d, Cz Al dy Cy i 


Each function is unaltered if we interchange uw, and wg, or if we add a 


quarter-period to both w, and uw, so that, after determining the resi- 
dues at u, = 0, we find that Liouville’s theorem gives us 
f(u,)—4 ‘: fi(u)—4 oes f2(u)— f,(u,)—4 


7. 
1 ] ] l 1 ia 
ita tease: een | ae 
( bats) Cc qT; 





10. The Decagon 


If 5a = 4K, or 3a = 4K, then sn?2a = sn*}a, 


4s*c*d* Ss 1—c 
(1—ks#)? 14d’ 


4(1+d)(1+-c)c?d? = (c?+-d?—c*d?)? 


‘Al ¥ ) 1 1 
ii —4- =) a = 
ch 


cd ct 
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ee 1 : me = a . 
so that dividing by Ito 44 we have, if 5a = 4K, 8K, 12K, 16K, 
e’¢€ 


4 . J k; oe : 3 
—_ = —_—-)}{1—-—+ -}}1—-—-- 
cd (143 -)( d -)( d ) 


and, if 5a = 2K, 6K, 14K, 18K 


which may be written 
] 1 


“hea 
wie ] 11 


a a c 





It follows from this, that if u,—wu, 
l Il 
f(u,)—4 * fou) 4" fs(uy) —4  f,(u)—4’ 
so that, if A,, A, Az, Ay are the roots of the discriminant, and we write 
(2%, y,2,w) = (a@+y+2+ w(t; 


the invariant relation for, say, the Schur quadrics of two skew 
decagons, each of which has one set of alternate sides inscribed in the 
same quadric, whilst the other sets are inscribed in two other quadrics 
of the pencil, is 
l . ] l 
BOA, —Ag, a) * BO» Any Ag Aa)» BOs Aa» Ae AQ) 
1 
(Aq, Ag, Ag, Ay)” 

Of these four ¢-functions, 4(A,, As, A3,A,) is (OO’ —4AA’)/AA’ in the 
ordinary notation, and the other three are roots of a cubic,* with 

* If the discriminant equation is written, with binomial coefficients, in the 
form aA'+- 4bA* + 6cA2 + 4dA+-e = 0, 
I find that the three functions ¢, multiplied by ae, i.e. AA’, are the roots of 

(w+4I+ 6c?)(a—4J7+12c?)? = 2(3ca+ 4cI + 18c?+327)?; 
each of them being a quadratic function of a root of the reducing cubic. 
In fact, if the quartic equation is written 
(A2+ 2pA+q)(A?+ 2p’A+q’) = 0, 

then 0 = p*q’+p"¢ = (p+p’)(py'+p'¢)—pp'(q+7’) 
has only three values, and both pp’ and q+-q’ are linear functions of a root of 
the reducing cubic 4a°x*—Jax+J = 0. 
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coefficients rational in 0, 0’, ®, A, A’, the first coefficient being given 
by 

P(A 1> Az, Ay +4(Ay As, —Ay) + (Ay, —A,, —Ag, Aq) 
= —(Ajz, Ag, Az, Ay). 


11. The invariant relation associated with a skew polygon of 
4n-+-2 sides, whose alternate sides are generators of two quadrics, can 
be investigated in a similar manner. We must first show that there 
is a polynomial in nea, nda, of degree $n(n+-1), which vanishes when 
(2n+lja=4sK. Now sn’na=sn*ha, if (2n+l)a= 48K, or 

-lja = 48K, so that it is sufficient to deduce from sn*na = sn*Ja, 
an equation in nea, nda, of degree n?, since $n(n+-1)+-3(n—1)n = n?. 
Consider the two cases, n even, and n odd, separately. 
We first prove that 
(i) when n is even, 
2s 8 C D,, ‘ 


mne = —— chnnu = —, dna = — 
cd N,,’ N,, N,,’ 


n 
wherein S,, C,, D,, N, are polynomials in c-1, d-1, even in both 


n? n? 


variables, in which the coefficients are integers, and so independent 
of k. The degree of C,,, D,,, N,, is $n? and of S,, is n?—2; 


(ii) when n is odd, 


88, cC,, 
snnu = v? cnnu = Vv’ dnnu = 
/ 


n n 


C, 


D,, N,, are similar polynomials in c-, d-1, each of 


n? q 


wherein S,, 
degree $(n?—1). 
Since , 
oe c2—d2+-c2d?2 
sn 2u = Pea en2u = - Sp a 
dn 2u = es 
c?+d?— 222 
this is true when n = lI, 2 
We can now prove the general result by induction, for, if we 
assume the result true for n = m, m-+-1, it is also true for n = 2m, by 
the use of the above formulae for sn 2u, etc.; and also for n = 2m+1, 


by the use of the addition-formula, which gives, for example, 


N. = N?, N2,,,—4k*(s*/c*d*)S5, Shs 


2m+1 m 


Nin Nin — 4(1—c 8d + c-*d*) Si, Sins: 
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Thus, as it is true for n = 1, 2, it is true generally. We notice further, 
than when v is odd, 


2 — 20248282, N2 = d2D2+ks*S? 


=e n n n> 
which gives N2—S?2 = c?(C2—S?2), N2—S?2 = d?(D2—S?2), so that 
C?2— S82, D2—S?, have c-*, d-*, as factors, respectively, and the 
degree of N2 — S? in c-!; d-1 is therefore reduced by two, and is n?—3. 
Thus, (i) when v is even, the equation sn?na = sn*}a, becomes 


48?,§?/c*d? = N*(1—c)/(1+d), 


4 ] l 
i.e —{1+-}{/1+-—]S? = N?2, 
a al +2)( ‘) 


which is of the required form, since S is of degree 4n?—2, and N of 
degree $n? in c—}, d-; 
(ii) when v is odd, sn*na = sn*Ja, gives 
(1+c)(1+d)S? = N?, 
i.e. (14549) (N?2— S?), 
c ld cd 
which again is of the required form, since S is now of degree $(n?— 1), 
and N?— S? is of degree n?—3. 
By using the appropriate transformations viz: 
en(u, k) = ne(iu, k’), dn(u,k) = de(iu, k’); 
en(u,k) = dn(ku,k-!), dn(u,k) = en(ku, k-); 
it is easy to see that the polynomials in nea, nda obtained in this 
way for (2n+1)a= 4K are symmetrical in the three variables 
1, nea, nda. 

It follows that the invariant condition associated with the polygon 
of 4n+2 sides, is the vanishing of a symmetrical function of 
(Ay, Ao, —Ag, —Aq), P(Ay, —Ag, Ag, —Aq), (Ay, —Ayg, —Ag, Ay), and so, 
finally,* of a function of c, J, J, or, in the more usual notation, of 
12A, 30, 2 | 
30, 20, 30’ 


\2A, © 


1@’, 2A’) | 
2, 30’, 12A’| 


O, 


I have to thank Mr. J. Hodgkinson for reading the first draft of 
this paper in manuscript. His criticisms and suggestions have led 
to many improvements. 


* In the notation of § 10, p. 68, footnote. 
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Postscript 

Something should have been said about the intimate connexion of 
the theorems of this paper with the corresponding theorems in plane 
geometry. 

In the first place we have an obvious analogue of Poncelet’s general 
theorem, which is: If all the sides but one of any polygon in- 
scribed in a fixed conic of a pencil touch fixed conics of the pencil, 
then the remaining side will also touch a fixed conic of the pencil. 
The analogue is: If all the sides but one of any skew polygon whose 
vertices lie on a quadri-quadric curve lie in fixed quadrics of the pencil 
through the curve, then the remaining side will also lie in a fixed 
quadric of the pencil. 

But the problem solved in this paper is not only analogous to the 
corresponding plane problem of the inscribed and circumscribed poly- 
gon, but is, in some sense, identical with it. 

[ have found above the invariant relation corresponding to 
x—B = 2sK/n, by the use of an auxiliary relation for the special case 
when 8 = 0. But, geometrically, if 8 = 0, the hyperboloid S(8) has 
the point equation 2?/p?+-k’*y?/q? = k?, whilst its tangential equation 
shows that S(0) is a cylinder with generators parallel to the axis 
of z. Also the condition for the existence of a skew polygon of 
4n+2 sides, with one set of alternate sides in S(0), that is to say 
parallel to the axis of z, and the other set in S(a), is just the condition 
for the existence of a plane polygon of 2n-+-1 sides, which is inscribed in 

# . , 
ath — k2, 
and circumscribed to 


; P 
genre 

= dnta+k'2% = k*cn2a. 
Pp q 


[t follows that the auxiliary relations which I have used are, in fact, 
the invariant relations for such a system of Poncelet’s poristic 


polygons. 

Conversely, from the properties of a porism of skew polygons 
whose vertices lie on a quadri-quadric curve, we can derive those of a 
porism of plane polygons. To do this, take the common self-con- 
jugate tetrahedron of the pencil of quadrics, and consider the trace 
of the three-dimensional figure on a face of this tetrahedron. The 
plane through two consecutive edges of the skew polygon is a tangent 
plane to two fixed quadrics, and will therefore meet the face of the 
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tetrahedron in a tangent to a fixed conic; whilst the sides of the 
skew polygon will meet the face in points on fixed conics. 

Take, for example, the skew polygon of 4n-+-2 sides, which are, 
alternately, generators of S(«) and S(8), whose opposite sides, there- 
fore, are polar lines with regard to 7'(a,—f). Take 

(2n+1)(a—f) = 48K. 
Then the trace on the plane z = 0 of this three-dimensional figure 
is a plane polygon whose vertices lie, alternately, on 
2 
eae of 
F dn2a+k/24 
a i 


and whose sides touch 


2 


9 x 9 ! rot 2 D 6 
= Koen*a, — dn*B-+-k 27 — k*en?8; 
p’ q 


8 dn?adn*8+ k’? : k?en?a cn*f. 
p a 


It will follow that the opposite vertices of this polygon are con- 
jugate points with regard to 


9 
oy” ‘ 
Ke = k’enaecnf, 
oe 


.2 

man «dn B+ 
or, in other words, that the polar, with regard to this conic, of any | 
vertex on one conic is the tangent to the other conic at the oppo- 
site vertex. This seems to be a new property. 

I find that T. W. Chaundy has, in two papers,* made a systematic 
study of Poncelet’s poristic polygons with 3, 5,... or almost any 
number of sides, using his own notation for elliptic functions, which 
is not quite the same as Jacobi’s; I might have quoted the formulae 
for the triangle and pentagon from his papers, but as the notation is 
different, and, also, to some extent, the method of treatment, I have 
preferred to leave my own work as it stands. 


A NOTE ON A FORMULA FOR sn(2n-+1)u 


From the special formulae in elliptic functions used in the above 
paper, an interesting deduction may be made. 
Since, 3u = 4K, it follows (§ 8) that 


enudnu+enu+dnu = 0, 
it is readily inferred that the numerator of sn 3u, when it is expressed 


* Proc. London Math. Soc. (2) 22 (1923), 104-23; 25 (1926), 17-44. 
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in elliptic functions of u, is equal to 


snu [J (enudnu+enu+dnw), 


and this can easily be verified from the known value* 


3snu—4(1+-k?)sn3u+ 6k?sn5u—k'*sn9u. 
Similarly, if sn(2n-+1)u/snu is expressed as an algebraic function 
of neu, ndu, the numerator is a product of four polynomials of degree 
in(n+-1), each of them got from any other by changing the signs of 
enw or of dnu, or of both. For sn 5u/snu, two of these polynomials 
are given in § 10 of the above paper. 


* Whittaker and Watson, Modern Analysis, 530, Ex. 16. 











THE CONVERGENCE OF SEQUENCES DEFINED 
BY QUADRATIC RECURRENCE-FORMULAE 


By T. W. CHAUNDY and ERIC PHILLIPS (Ozford) 


[Received 16 September 1935] 
SEQUENCES generated by recurrence-formulae 
Wns = O(t,,, ,~1,-.-), 

which form the subject-matter of the calculus of finite differences 
are also important in genetic theory: an example of the latter has 
been discussed in this Journal by V. A. Bailey.* But, whereas in the 
calculus we wish to solve the recurrence-equation by expressing w,, 
as a function of » and sufficient initial terms w%, w,,..., in genetic 
theory we are often content to know merely the ‘ultimate’ behaviour 
of the sequence, i.e. whether it converges or how it oscillates. 

Where, as, for example, in the linear recurrence-formula with 
constant coefficients, the finite-difference problem is solved, the 
ultimate behaviour of wu, presents little difficulty. Elsewhere little 
seems to be known about the convergence problem except in certain 
examples of the two-term recurrence-formula 

4, = o(u,,) 

in which it is easy to see that there is monotonic convergence: the 
sequence given by Newton’s method of approximation is of this 
type.T 

There seems, then, to be a case for a more systematic study of the 
convergence of sequences generated by recurrence-formulae of speci- 
fied types, and as an elementary contribution to this study we have 
considered the sequence defined by the two-term quadratic recur- 


rence-formula 


Uni = auz+2bu, +c, (1) 


n+ d 
where a, b, c are real and independent of n. The substitution 
u;, = au, +b, c’ = ac—b?+b 
reduces (1) to the simpler form 
Cau, = w,*-+-c’, 
which, dropping accents, we write as 
Unsi—Un = (U,—k)(u, —1+4). 


* Bailey, Quart. J. of Math. (Oxford), 2 (1931), 68-77. 
+ Cf. for instance, Chaundy, Differential Calculus (Oxford, 1935), 190-3. 
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Now, if u,, converges, to u say, then, by taking limits in (3), we see that 
the limit u can only be k or 1—k. (4) 


In particular, if any wu, is k or 1—k, every subsequent wu, has the 
same value and the sequence is at length stationary: we shall regard 
such a sequence as being convergent. Thus, if |w)| = k, the sequence 
is at length stationary with u, = k(n > 1). For all other values 
of uw, the behaviour of the sequence can be summed up in the pro- 
positions: 

(i) ifkis not real, w, — 0c monotonically; 


n 
if |u| > k, wu, > 0 monotonically; 
if |u| << kand}<k< 3, u,—>1—k: monotonically if 
4$<k<l; 
if |u| < kand§?<k<2, u, oscillates finitely; 
if |ju|< k and k>2, u,—>0, except when wu, belongs to 
a certain set S, and then u,, oscillates finitely. This set has the 
power of the continuum and measure zero. 

Since k, 1—k are indistinguishable in (3), we may sufficiently take 
k > } for real k, and the above five propositions are therefore com- 
plete. We proceed to their proof. 

Proof of (i). Since wu, is real, it can converge only to a real limit, 
and so, by (4), there cannot be convergence unless k is real. Again, 
if k, 1—k are conjugate imaginaries, the right-hand side of (3) is 
always positive. Thus uw, ascends monotonically: to infinity, since it 
does not converge. 

Proof of (ii). We can rewrite (3) as 

Uns —k = w—Fk?, 
and so u>k if |u| >k. 
Again by (3), if, for some n = r, 
u, > k (> 1—-K, since k > $), 


then fase > G, > E, 


and so inductively for every n greater than r. Thus wu, is monotonic 


ascending, and it cannot converge, since it exceeds both the possible 
limits k, 1—k. It, therefore, diverges monotonically to infinity. 


Proof of (iii). Consider first the case } < k < 1. Now we may re- 
write (3) in either of the forms 
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Uniy—k = (u,—k)(u, +k), Ung, —1 +k = (u,—1+k)(u,+1—k). (5) 
The first of these shows that |u,,| << k gives 0 < u,,,, < k, and hence, 
by induction, |u,| < k gives 0 < u, < k for every positive n. 
Thus, since k < 1, 
u,+1—k, k—u,, 
are always positive,* and so, from the second form of (5), wu, .,—1+k, 
u,—1-+k have always the same sign. Hence, by indiaitoa 3 f 1+k 
has a constant sign for every positive n, and so, by (3) itself, w,,.,—w,, 
has a constant sign opposite to that of u,—1+k. Hence u, moves 
monotonically towards 1—k and so — Se to 1—k. 
Suppose on the other hand that | - . Now 
Unsea—Un = (Unse—Una) + (Unsi—Un S 
= (Up 43 —k)(Ungy th—1)+(u,—k)(u, +k—1), by (3) 
= (u,—k)(u, +k—1){(u, +k)(u,—k+1)+1}, by (5). 
But (u,+k)(u,—k+1)+1 = (u,+4)— ai 4)(k—#8) 


>0, sine l<k< 3; 
unless, exceptionally, k = 3, u, = —}, ie. u, = 1—k and the 
sequence is at length stationary. Hence, otherwise 
Unig—U, has the sign of (u,—k)(u,+k—1). (6) 


Suppose now that, for some 7, 
—k<1-—k<u, <k—1<k, 
then, by (5), Unis < 1—k < k—-1 <k, 
so that, again by (5), 1—k < wu, 40, while. by (6), Uso << U,. Thus 
—k< 1k < Uji << k—-1<k. 
Then, by (5), w,,.3 < 1—k, while, by (6), u,.43 > Unt, 
i.e. Una < Unig < 1—E, 
Suppose 1 now that |u).| << k—1. Then, by induction, we see that the 
subsequences {us,}, {U2,4,} are both monotonic, and descend and 
ascend respectively, being separated by 1—k, to which, as the oniy 
available limit, they must both converge. 

It remains to consider the case k—1 < |u,| << k, where still 
l<k< 3. By(5), 1—-k <u, < k, ie. 1—k < u, < k—1 (which is 
the case just considered), or else sae <u, <k. Now u, = k-1 
gives the stationary case u,, = 1—k, while, if 

1—-k< k—-1 <u, < hk, 


* If we exclude the stationary case k = 1, u, = 0. 























ON THE CONVERGENCE OF SEQUENCES 77 


then 1—k < Uns, <U, <b, by (3), (5). 

Thus, if k—1 < |u| < k, uw, diminishes from u, onwards, at least 
until it is no longer greater than kK—1. This it must be eventually, 
for otherwise {u,} would be a monotonic descending sequence lying 
in the interval (k—1,k) and therefore converging to some limit u 
such that l—k < k—1 < u < k, which we have already seen to be 
impossible. Thus eventually wu, = k—1 and the sequence becomes 
stationary; or else 1—k < u, < k—1, and the sequence then con- 
verges in the manner described above. This completes the proof 
of (iii). 

Proof of (iv). Here 3#<k<2, |u| <k. Now, if k = 2, the 
recurrence-formula is satisfied by u,, = 2cos 2”6 where 0 = cos—*(42p). 
The sequence oscillates, except in the cases uy = 2 cos(rz/2*) where 
r, 8 are positive integers, when it is at length stationary. 

If} <k < 2, we have from (3) 

Uni tk = ur—k(k—2) > 0, Unsi—k = u2—k?*. 
Hence |u,,4,| << k, if |w,| << k; and so, by induction, |u,| < k for 
all n, if |u| < k. The sequence is therefore bounded. Now suppose 
it convergent, the only possible limits being, of course, k, 1—k. 
Then, by (5), 


feat = |u,—k+1| > 2k-—2 > 1, 


| U,+k—1 
or else ety = |u,+k| > 2k > 3, 
t,—k 





which makes |u,-+k—1| or |u,—k| divergent. This contradiction 
shows that w,, cannot converge; and we have seen that it is bounded. 
[t therefore oscillates finitely. 

Proof of (v). We may reverse the recurrence-formula (3) and write 


Un = ta/(Unsr tk) (« = k?—k). (7) 
Thus, at length, 

Uy = ANf{eta[et...ba(mtu,)... (8) 
Using e, for a definite one or other of +1, we consider functions of the 
type 
Pes, €g)-0+5 €n3 T} = le tega[e+ ey)... bene +2)...]}, (9) 
writing P,(x) for brevity when the set (¢,,..., €,) is presumed known.* 
We complete the definition with P,(x) = ./(«+2). 


* Here and throughout V means the positive value of the root. 
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Now, if |w,,| > k for some n, then, by (ii), the sequence after this 
value diverges monotonically to infinity: this is covered by the first 
yee of (v). We have thus only to consider the case (if any) in which 

u,,| < k for every n. 

If |x| < k, then 0 < «+a < k*, since k > 2, so that ./(x+2) is 
real and, in its turn, not greater than k. Thus, at length, each 
P(x) is real (and, by definition, positive) in the closed interval 


(—k,k) and, in that interval, is evidently a monotonic function of z, 
so that P, (2) lies between P,(k) and P,(—k). We should also observe 
that the greatest ie is 


k= Pk) = P{+1;, 4} =... = P{+]1, +1..., +1; 8, 
and the least 
(x—k) = P(—k) = P{—1; hk} = ... = P{—1, +1.,..., +1; B}. 
We now prove the lemma 
P (k)—P,(—k)|, for large n, has the order 0(2-" 

Write P, = P,(h), dn = P,(—4), 
and more generally, for given P,, 

Pres Up = PhEn pats €n3 EA} (1 < 

Po Go = VK Eh). 
From the definition of P, we have 


2 a 2 aaa = 3 
Prt = K+En_+ Drs Vr+1 = KTEn-r UY» 


| 

| | 
so that Pria—9r+al = fe ’ = ? 
Pro | G41 


while p2—q? = 2k. Thus 
— In| = (Po) TI Pr+)s 


and so, by Holder’s a 


Pu—Fal < 2/((7 IT Pr) 


a Po— 4 _ 
Pot 


Again (q2.4- 


since Po—F. 


gives on rearrangement 


q+ = K+, 
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where K = k?—2k > 0, since k > 2. Thus 


[[¢=[] (#+aos 
Tr = (K++ 7% =), 
r=1 r=1 k wie 
whence, by a second application of Hélder’s inequality, 
n \ In k2~— 1jn mas 
(1I@) > R4(E = > K*+1, (11) 
r=1 —i 
since qg2 < g2 < k*. 
A similar argument applies to the p’s, except that here we may 
have, for some r (< n), 
Pp=k (l<8s <7). 
Hélder’s inequality gives in such a case 
\Yn | 
(IT, ) > krln (K24-1)%—2n > (K2+1)}, (12) 
since k? > K?+-1. Then (11), (12) give in (10) 
IPn—(n| < 2/2"(K*+1)"? = 0(2-"), (13) 
and the lemma is proved.* 
If now we have an infinite sequence {e,,}, we can define by means of 


- / 


it the infinite sequence {P,(x)}, where P,(x) = P{e,,...,€,; x}. Then 
Priel ) aad P(X), 
where Ke 4559 Pisgsp staat 


But every P. is positive and does not exceed k, and so X lies in 
(—k,k) and therefore every P,,,(2) of the sequence lies between 
P,(k) and adie: Thus, by the lemma, 

|Pr+e(®)—F,()| < |Pu—In| = 0 (27). 
Hence P, (x) converges for every x in (—k,k): and to the same limit 
for every 2, since again 

IP,(y)—F(®)| < |Pu—n| = 0(2-"). 
Thus each sequence {e,,} defines in this way a precise limit, which we 
may denote by 

P,, = Vf [K+ eay(K+e5y/... to 00...) ]}. (14) 

Now, for a sequence in which every |w,| < k, we can extend the 
formula (8) without limit. This defines an infinite sequence {e,} and 
at the same time always expresses |u,| as a P,(w,,,) for increasing n. 
Thus || always lies in the closed interval (p,,q,,) and so is itself 


* Actually we have the more stringent inequality |p, —q,| = 0(k~"), but 


(13) is enough for our purpose. 
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the value of the limit P,, defined by {e,,}; and accordingly the excep- 
tional cases in (v) are exactly those in which wu, is one of the set 
talfeta[eta/(K-y/... to 00...) ]}. (15) 
This is the set we have called S. It has the power of the continuum, 
for we may correlate its terms with numbers in the interval (0, 1) by 
writing these latter as infinite radix-factions in scale 2, the digits 


1, 0 corresponding respectively (say) to +, — in (15). 

To determine the measure of S, consider the set of all the closed 
intervals (p,,q,). These intervals contain all the points P,(x) and 
a fortiori all the points P, ,,(x), and therefore also all the limit-points 
P.,, i.e. all points of the set S. Thus the measure of S does not exceed 
the aggregate length of these intervals. But they are 2” in number, 
and, by the lemma, the length of any one is o(2~"). By proceeding to 
the limit » > 00, we see that the measure of S is zero. 

We should notice the case in which, after a certain stage in (15), the 
signs (i) are all the same; or more generally (ii) recur (in a period 
of r terms). The corresponding radix-fractions in scale 2 are, of 
course, (i) the rational fractions with denominator a power of 2; 
(ii) the rational fractions (with denominator a factor of 2”—1). The 
corresponding sequences {w,} are (i) at length stationary at the 
respective values & (signs all positive) or 1—k (signs all negative); 
(ii) at length recurring (with period 1), i.e. after some stage wu, ,, = U, 
for every n. 

In all other cases, i.e. when the radix-fraction represents an irra- 
tional number, the sequence of signs in (15) is also ‘irrational’, and 
the sequence {w,} oscillates also ‘irrationally’. Thus, wherever || 
belongs to the set S, the sequence {w,} oscillates (or is at length 
stationary), and the oscillation is bounded since, by hypothesis, 


%,| < &. 


vt 








